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Abstract

With su�cien tly ligh t up and do wn quarks the iso v ector ( a

0

) and isosinglet ( f

0

) scalar meson

propagators are dominated at large distance b y t w o-meson states. In the staggered fermion for-

m ulation of lattice quan tum c hromo dynamics, taste-symmetry breaking causes a proliferation of

t w o-meson states that further complicates the analysis of these c hannels. Man y of them are unph ys-

ical artifacts of the lattice appro ximation. They are exp ected to disapp ear in the con tin uum limit.

The staggered-fermion fourth-ro ot pro cedure has its purp orted coun terpart in ro oted staggered

c hiral p erturbation theory (rS � PT). F ortunately , the ro oted theory pro vides a strict framew ork

that p ermits the analysis of scalar meson correlators in terms of only a small n um b er of lo w energy

couplings. Th us the analysis of the p oin t-to-p oin t scalar meson correlators in this con text giv es a

useful consistency c hec k of the fourth-ro ot pro cedure and its prop osed c hiral realization. Through

n umerical sim ulation w e ha v e measured correlators for b oth the a

0

and f

0

c hannels in the \Asq-

tad" impro v ed staggered fermion form ulation in a lattice ensem ble with lattice spacing a = 0 : 12

fm. W e analyze those correlators in the con text of rS � PT and obtain v alues of the lo w energy

c hiral couplings that are reasonably consisten t with previous determinations.

P A CS n um b ers:
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I. INTR ODUCTION

The recen t eviden t successes of n umerical sim ulations of QCD with impro v ed staggered

fermions demand a thorough examination of its most con tro v ersial ingredien t, namely , using

fractional p o w ers of the determinan t to sim ulate the correct n um b er of quark sp ecies (the

\fourth ro ot tric k"). The pro cedure is kno wn to in tro duce nonlo calities and violations of

unitarit y at nonzero lattice spacing [1]. If these problems do not v anish in the con tin uum

limit, they ma y ev en place the theory in an unph ysical univ ersalit y class. There are, ho w ev er,

strong theoretical argumen ts [2{5] that the fourth-ro ot tric k is v alid, i.e. that it pro duces

QCD in the con tin uum limit.

One ma y also test the fourth-ro ot pro cedure n umerically . One can, for example, c hec k

that taste symmetry gets restored as the lattice spacing gets smaller, b y lo oking at the

eigen v alue sp ectrum [6{10 ], the Dirac op erator [11], or the pion sp ectrum [12 ]. Alternativ ely ,

lo w-energy results of staggered fermion QCD sim ulations can b e compared with predictions

of ro oted staggered c hiral p erturbation theory (rS � PT) [13, 14 ]. Since staggered c hiral

p erturbation theory b ecomes standard c hiral p erturbation theory in the con tin uum limit,

agreemen t b et w een ro oted QCD and (rS � PT) at nonzero lattice spacing w ould suggest that,

at least for lo w energy or long-range phenomena, lattice artifacts pro duced b y the fourth ro ot

appro ximation are as harmless as those pro duced b y partial quenc hing. P artial quenc hing

also induces unitarit y violations, but they disapp ear in the limit of equal v alence and sea

quark masses.

There are t w o recen t tests of agreemen t b et w een ro oted staggered fermion QCD and

rS � PT: (1) Measuremen ts of the ligh t pseudoscalar meson masses and deca y constan ts in

partially quenc hed and full staggered fermion QCD �t w ell to expressions deriv ed from

rS � PT [15 ]. A b ypro duct of this �t is a determination of the lo w energy couplings of the

theory . (2) The top ological susceptibilit y measured in full QCD agrees reasonably w ell with

predictions of rS � PT [16 ].

In the presen t w ork w e examine scalar meson correlators in full QCD and compare their

t w o-meson con ten t with predictions of rS � PT. Since the app earance of the t w o-meson

in termediate state is a consequence of the fermion determinan t, an analysis of this correlator

pro vides a direct test of the fourth ro ot recip e. The a

0

c hannel has b een studied recen tly

in staggered fermion QCD b y the MILC collab oration [17] and UK QCD collab oration [18 ].
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Both groups found that the correlator app eared to con tain states with energies w ell b elo w

p ossible com binations of ph ysical mesons.

A simple explanation of the nonstandard features of the scalar correlators is pro vied b y

rS � PT [19, 20 ]. In that theory all pseudoscalar mesons come in m ultiplets of 16 tastes. The

pattern of mass splittings is predicted b y the theory . The � and K m ultiplets are split in

similar w a ys. The � and �

0

mesons, ho w ev er, are p eculiar, b ecause their masses are shifted

b y the axial U (1) anomaly . Since the anomaly is a taste singlet, only the taste singlet �

and �

0

acquire appro ximately ph ysical masses. Some of the remaining mem b ers of the �

m ultiplet remain degenerate with the pions. According to taste symmetry selection rules,

an y t w o mesons coupling to a taste-singlet a

0

m ust ha v e the same taste. But all tastes

are equally allo w ed. Among other states, the taste singlet a

0

couples to the Goldstone

pion (pseudoscalar taste) and an � , also with pseudoscalar taste and of the same mass.

This spurious t w o-b o dy state at t wice the mass of the Goldstone b oson accoun ts for the

anomalous lo w-energy comp onen t in that c hannel.

This explanation raises concerns. Clearly , only the taste singlet � appro ximates the

ph ysical state, since it is the only mem b er of the m ultiplet sub ject to the anomaly . So if

the other � 's are not allo w ed as external states, w e ha v e violated unitarit y in the sense that

some in termediate states are not allo w ed as external states. F urther examination of the

taste m ultiplets in the in termediate states rev eals that in addition to the sev eral unph ysical

� � taste com binations, there is a negativ e norm \ghost" con tribution in the taste singlet �

meson leg [21]. Remark ably , all lattice artifacts resolv e themselv es in the con tin uum limit,

ho w ev er. The taste m ultiplets b ecome degenerate, the t w o-b o dy states merge, and the

ghost state cancels the spurious taste com binations, lea ving only the taste-singlet mesons.

T o ac hiev e this cancellation requires follo wing the rules of 
a v or coun ting in rS � PT.

In the presen t w ork w e extend the analysis of Ref. [19, 20] and carry out a quan titativ e

comparison of measured correlators and predictions of rS � PT. Despite the considerable

complexit y of c hannels with dozens of sp ectral comp onen ts, the c hiral theory mo dels the

correlators precisely in terms of only a small n um b er of lo w energy couplings, whic h w e ma y

determine through �ts to the data.

This article is organized as follo ws. F ollo wing a review of some needed results from S � PT

in Sec I I, w e deriv e the c hiral predictions for the a

0

and f

0

in Sec I I I. W e presen t results of

our �ts to the predicted forms in Sec IV and conclude in Sec V.
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I I. ELEMENTS OF ST A GGERED CHIRAL PER TURBA TION THEOR Y

In this section w e giv e a brief review of ro oted staggered c hiral p erturbation theory with

particular emphasis on the tree-lev el pseudoscalar mass sp ectrum. W e obtain the ro oted

v ersion of the theory through the replica tric k, according to whic h eac h quark 
a v or, u , d ,

and s , comes in four tastes and is rep eated n

r

times [22]. W e calculate v arious quan tities

in the replicated theory , and in the �nal step, w e set n

r

= 1 = 4 to obtain the correct 
a v or

coun ting.

The lo w energy e�ectiv e c hiral theory is form ulated in terms of the meson �eld

� =

16

X

b =1

1

2

T

b

�

b

(1)

where T

b

= f 1 ; �

5

; i�

5

�

�

: : : g are Dirac gamma matrices and �

b

is a 3 n

r

� 3 n

r

matrix with

ro ws and columns lab eled b y the 
a v or and replica index ur , dr , and sr . The staggered

c hiral action is written in terms of the unitary matrix � = exp (2 i � =f ):

S (� ; m ) =

Z

d

4

y

(

f

2

8

T r( @

�

�

y

@

�

�) �

�f

2

4

T r( M �

y

+ M

y

�) +

m

2

0

2

�

2

0 I

+ a

2

V (�)

)

: (2)

The lo w energy couplings at this order are f , � , and the quark mass matrix M = I

t




I

r

diag(m

u

; m

d

; m

s

), where I

t

is the unit matrix in taste space and I

r

is the unit matrix in

replica space. The axial anomaly app ears through the mass term m

2

0

. It in v olv es the 
a v or-

singlet taste-singlet �eld �

0 I

=

P

f ;r

�

I

f r ;f r

=

p

3 n

r

: The taste-breaking term V is a linear

com bination of op erators [13, 14, 23]

�V (�) =

X

C

i

O

i

; (3)

where

O

1

= T r

�

T

0 ; 5

� T

0 ; 5

�

y

�

(4)

O

2 V

=

1

4

[T r( T

0 ;�

�)T r ( T

0 ;�

�) + h.c.] (5)

O

2 A

=

1

4

[T r( T

0 ;� 5

�)T r ( T

0 ; 5 �

�) + h.c. ] (6)

O

3

=

1

2

[T r( T

0 ;�

� T

0 ;�

�) + h.c.] (7)

O

4

=

1

2

[T r( T

0 ;� 5

� T

0 ; 5 �

�) + h.c. ] (8)

O

5 V

=

1

2

h

T r( T

0 ;�

�)T r ( T

0 ;�

�

y

)

i

(9)
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O

5 A

=

1

2

h

T r( T

0 ;� 5

�)T r ( T

0 ; 5 �

�

y

)

i

(10)

O

6

=

X

�<�

T r

�

T

0 ;��

� T

0 ;� �

�

y

�

: (11)

Without the anomaly and taste-breaking term the tree-lev el masses of the pseudoscalar

mesons with quark 
a v or con ten t f ; f

0

are, as usual,

M

2

f ;f

0

;b

= � ( m

f

+ m

f

0

) : (12)

The taste-breaking term splits the nonisosinglet states ( �

b

and K

b

) to giv e

M

2

f ;f

0

;b

= � ( m

f

+ m

f

0

) + a

2

�

b

; (13)

where to leading order the m ultiplets split �v e w a ys,

�

5

= 0

�

� 5

=

16

f

2

( C

1

+ 3 C

3

+ C

4

+ 3 C

6

) (14)

�

��

=

16

f

2

(2 C

3

+ 2 C

4

+ 4 C

6

)

�

�

=

16

f

2

( C

1

+ C

3

+ 3 C

4

+ 3 C

6

)

�

I

=

16

f

2

(4 C

3

+ 4 C

4

) ;

whic h w e lab el P , A , T , V , and I , resp ectiv ely . This predicted m ultiplet pattern has b een

w ell con�rmed in sim ulations [17 , 24 ].

W e will b e w orking with degenerate u and d quarks ( m

u

= m

d

= m

`

), so it will b e

con v enien t to in tro duce the notation

M

2

U b

= 2 �m

`

+ a

2

�

b

M

2

S b

= 2 �m

s

+ a

2

�

b

(15)

M

2

K b

= � ( m

`

+ m

s

) + a

2

�

b

The isosinglet states ( � and �

0

) are mo di�ed b oth b y the taste-singlet anomaly and b y

the t w o-trace (quark-line hairpin) taste-v ector and taste-axial-v ector op erators O

2 V

, O

2 A

,

O

5 V

and O

5 A

. When m

2

0

is large, in the taste-singlet sector w e obtain the usual result

M

2

� ;I

=

1

3

M

2

U I

+

2

3

M

2

S I

M

�

0

;I

= O ( m

2

0

) : (16)
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In the taste-axial-v ector sector w e ha v e

M

2

� A

=

1

2

[ M

2

U A

+ M

2

S A

+ 3 n

r

�

A

� Z

A

]

M

2

�

0

A

=

1

2

[ M

2

U A

+ M

2

S A

+ 3 n

r

�

A

+ Z

A

] (17)

Z

2

A

= ( M

2

S A

� M

2

U A

)

2

� 2 n

r

�

A

( M

2

S A

� M

2

U A

) + 9 n

2

r

�

2

A

;

where �

A

= a

2

�

0

A

= a

2

16( C

2 A

� C

5 A

) =f

2

, and lik ewise for A ! V .

In the taste-pseudoscalar and taste-tensor sectors, in whic h is there is no mixing of the

isosinglet states, the �

b

and �

0

b

b y de�nition ha v e quark con ten t ( � uu +

�

dd ) =

p

2 and �ss ,

resp ectiv ely , and masses

M

2

� ;b

= M

2

U b

; M

2

�

0

;b

= M

2

S b

(18)

In T able I w e list the masses of the resulting taste m ultiplets for the lattice ensem ble used

in the presen t study with taste-breaking parameters �

A

and �

V

determined in Ref. [15 , 17].

b �

b

K

b

�

b

�

0

b

P 0.1594 0.3652 0.1594 0.4927

A 0.2342 0.4036 0.1843 0.5129

T 0.2694 0.4250 0.2694 0.5384

V 0.2966 0.4428 0.2825 0.5491

I 0.3205 0.4592 0.4958 �

T ABLE I: Masses of pseudoscalar meson taste m ultiplets in lattice units for the MILC coarse

( a = 0 : 12 fm) lattice ensem ble � = 6 : 76, am

ud

= 0 : 005, am

s

= 0 : 05, as measured or inferred from

measured masses and splittings. The mass of the �

0

I

dep ends on the anomaly parameter m

0

.

I I I. SCALAR CORRELA TORS FR OM S � PT

In this section w e rederiv e the \bubble" con tribution to the a

0

c hannel of Ref. [20 ], using

the language of the replica tric k [13 , 25 ], and then extend the result to the f

0

c hannel.

W e matc h the p oin t-to-p oin t scalar correlators in c hiral lo w energy e�ectiv e theory and

staggered fermion QCD b y matc hing the Green's functions, whic h are de�ned through the
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generating functionals of the resp ectiv e theories:

@

2

log Z

@ m

f ;f

0

( y ) @ m

e

0

;e

(0)

: (19)

F or this purp ose the quark mass term diag(m

u

; m

d

; m

s

) is con v erted to a lo cal meson source

m

f f

0

( y ) (including 
a v or o�-diagonal terms) in b oth S � PT and QCD.

A. Scalar correlator in staggered fermion QCD

First w e review the construction of the needed correlators in staggered lattice QCD, where

the generating functional is

Z ( m

f f

0

) =

Z

dU exp [ � S

g

( U )] det [ M ( U; m

f f

0

)]

1 = 4

: (20)

Here U are the gauge link v ariables, S

g

( U ) is the gauge action, and M is the fermion matrix

including 
a v or comp onen ts. W e w ork on a lattice of spacing a and dimension L

3

� N

t

and

lab el sites b y the in teger four-v ector x

�

. Hyp ercub es of size 2

4

are similarly lab eled b y y

�

,

so x

�

= 2 y

�

+ �

�

.

Staggered fermion meson correlators can b e de�ned in the one-comp onen t basis of the

Grassman color v ector �eld �

f

( x ) or in the spin-taste basis of the �eld q

a�

f

( y ) with spin lab el

� and taste lab el a . The �elds are related through

q

a�

f

( y ) =

1

8

X

�

�

a�

�

�

f

(2 y + � )

�

f

(2 y + � ) = 2T r[�

y

�

q

f

( y )] (21)

where �

�

= 


�

0

0




�

1

1




�

2

2




�

3

3

, and the sum o v er � runs o v er sites in the 2

4

h yp ercub e lab eled b y

y . The lattice y has spacing A = 2 a .

F or constructing the meson correlators via the functional deriv ativ e (19) w e need to

in tro duce the source term in to Lagrangian

S

m

= a

4

X

x

��

f

( x ) �

f

0

( x ) m

f ;f

0

( x ) : (22)

T o express the source in term of the spin-taste basis w e use the relation

a

4

��

f

(2 y + � ) �

f

0

(2 y + � ) =

A

4

16

X

�

� (� ; � ) �

f ;f

0

; �

( y ) (23)
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with

� (� ; � ) = T r(�

y

�

�

y

�

�

�) = 4 (24)

and

�

f ;f

0

; �

( y ) = �q

f

( y )� 
 �

�

q

f

0

( y ) : (25)

The direct pro duct �

S


 �

�

T

acts on spin and taste comp onen ts, resp ectiv ely . So w e obtain

S

m

= A

4

X

y ; �

�

f ;f

0

; �

( y ) m

f ;f

0

; �

( y ) (26)

with

m

f ;f

0

; �

( y ) =

1

16

X

�

� (� ; � ) m

f ;f

0

(2 y + � ) (27)

The desired source for the scalar densit y , m

f ;f

0

;I

( y ), has � = I and � ( I ; � ) = 1. It is the

comp onen t of m

f ;f

0

( x ) that is constan t o v er a 2

4

h yp ercub e. The other terms m

f ;f

0

; �

( y ) are

sources for the other lo cal staggered mesons.

A particular correlator is obtained b y di�eren tiating the generating functional with re-

sp ect to the appropriate source mass terms. The general t w o-p oin t function is, then,

@

2

log Z

@ m

f ;f

0

; �

( y ) @ m

e

0

;e; �

0

(0)

�

�

�

�

�

m

f f

0

( x )= �

f f

0

m

f

= A

8

h ��

f ;f

0

; �

( y ) �

e

0

;e; �

0

(0) i : (28)

The ab o v e quan tit y will b e calculated for � = I also within S � PT b elo w.

No w, w e need to relate the quan tit y (28) to the correlator generated from the co de. In

practice the sim ulated correlator is computed from a p oin t source at the origin

O

e;e

0

; src

= a

3

��

e

0

(0) �

e

(0) =

A

3

8

X

�

�

e;e

0

�

(0) ; (29)

and a single time-slice sink op erator at time � = 2 t + �

0

,

O

f ;f

0

sink

( ~ y ; � ) = a

3

X

~�

��

f

0

(2 ~ y + ~� ; � ) �

f

(2 ~ y + ~� ; � ) = A

3

[ �

f ;f

0

;I

(2 ~ y ; t ) + ( � )

�

0

�

f ;f

0

; 05

(2 ~ y ; t )] ; (30)

where w e ha v e used relation (23), � ( I ; � ) = 1 and � (05 ; � ) = ( � )

�

0

. Note that the sink

op erator is de�ned on spatial cub es ~ y but all time slices � .

In this language the computed correlator is

C

f ;f

0

; e;e

0

( ~p; � a ) =

X

~y

exp ( i ~ p � ~ y A )

D

�

O

f ;f

0

sink

( ~ y ; � ) O

e;e

0

src

E

: (31)
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The meson taste is conserv ed, so the correlator separates in to nonoscillating and oscillat-

ing comp onen ts for a taste-singlet scalar con tribution and a taste-axial-v ector pseudoscalar

meson con tribution, resp ectiv ely .

C

f ;f

0

; e;e

0

( ~p; � a ) = C

f ;f

0

; e;e

0

;I

( ~p; � a ) + ( � )

�

C

f ;f

0

; e;e

0

; 05

( ~p; � a ) ; (32)

where

C

f ;f

0

; e;e

0

; �

( ~p; � a ) =

A

6

8

X

~y

exp ( i ~ p � ~ y A ) h �

f ;f

0

; �

(2 ~ y ; t ) �

e;e

0

; �

(0) i : (33)

The correlator has a quark-line-connected part and ma y also ha v e a quark-line discon-

nected part:

C

f ;f

0

; e;e

0

; �

( ~p; � a ) = C

f ;f

0

; e;e

0

; � ; conn

( ~p; � a ) + C

f ;f

0

; e;e

0

; � ; disc

( ~p; � a ) (34)

The quark-line disconnected part app ears only in the taste-singlet isosinglet correlator.

T o compute the correlator w e need to express it in terms of quark propagators. So w e start

from the de�nition of the correlator in Eq. (31), substitute the de�nitions of the op erators

in Eqs. (29) and (30) and use the relation

a

8

h ��

f

(2 y + � ) �

f

0

(2 y + � ) � �

e

( �

0

) �

e

0

( �

0

) i =

@

2

log Z

@ m

f ;f

0

(2 y + � ) @ m

e

0

;e

( �

0

)

�

�

�

�

�

m

f f

0

( x )= �

f f

0

m

f

(35)

=

A

8

256

X

� ; �

0

� (� ; � ) � (�

0

; �

0

) h ��

f ;f

0

; �

( y ) �

e

0

;e; �

0

(0) i ;

whic h follo ws from iden tit y

@

@ m (2 y + � )

=

1

16

X

�

� (� ; � )

@

@ m

�

( y )

: (36)

Finally w e arriv e at the p oin t-to-p oin t correlators

C

f ;f

0

; e;e

0

; conn

( ~p; � a ) = �

X

~ x

( � )

x

exp ( i ~ p � ~ x a )

D

T r[ M

� 1

f

( ~ x; � ; 0 ; 0) M

� 1

y

f

0

( ~ x; � ; 0 ; 0)]

E

�

ef

�

e

0

f

0

C

f ;f

0

; e;e

0

; disc

( ~p; � a ) =

1

4

X

~ x

exp ( i ~ p � ~ x a )

D

T r[ M

� 1

f

( ~ x; � ; ~ x; � )]T r [ M

� 1

y

e

(0 ; 0; 0 ; 0)]

E

�

ee

0

�

f f

0

;

where w e ha v e used Eq. (20) and the normalization M = 2 D + 2 am for the Dirac matrix.

W e k eep the momen tum p small, so w e can neglect v ariation of the exp onen tial o v er the

h yp ercub e.

As it is computed, at zero momen tum the quark-line disconnected correlator includes the

v acuum disconnected piece:

C

f ;e; 0

=

L

3

4

D

T r[ M

� 1

f

(0 ; 0; 0 ; 0)]

E D

T r[ M

� 1

e

(0 ; 0; 0 ; 0)]

E

: (37)
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B. Scalar correlator in S � PT

The con tin uum generating functional for scalar correlators in S � PT

Z

SXPT

( m

f f

0

) =

Z

[ d �] exp [ � S (� ; m

f f

0

)] ; (38)

where S (� ; m

f f

0

) is giv en b y Eq. (2). W e do not include explicit scalar meson �elds in the

c hiral Lagrangian, but add their con tributions in the �nal expressions. T o matc h the func-

tional deriv ativ es (19) w e appro ximate the con tin uum in tegration in the c hiral theory with

a sum o v er h yp ercubic v olumes of size A

4

and di�eren tiate with resp ect to a constan t source

inside that v olume. In this case m

f ;f

0

;I

( y ) = m

f ;f

0

( y ). The source is also constan t o v er repli-

cas of the same 
a v or. The space-time v olume equals that of QCD, namely , A

4

( L= 2)

3

N

t

= 2

for A = 2 a . W e use the in teger four v ector y to lab el the h yp ercub es in the c hiral theory .

The functional deriv ativ e in S � PT is

@

2

log Z

SXPT

@ m

f ;f

0

( y ) @ m

e

0

;e

(0)

= A

8

�

2

X

r ;r

0

�

T r

t

�

�

2

( y )

�

f r ;f

0

r

T r

t

�

�

2

(0)

�

er

0

;e

0

r

0

�

: (39)

A t tree lev el the action (2) has no explicit quark-an tiquark scalar meson �elds, but it gener-

ates the t w o-pseudoscalar-meson \bubble" terms in the correlator. The functional deriv ativ e

(39) corresp onds to (28) with � = I . W e use B to denote the bubble con tribution corre-

sp onding to the correlator (33)

B

f ;f

0

; e;e

0

;I

( ~p; tA ) =

A

6

8

X

~y

exp ( i ~ p � ~ y A ) h �

f ;f

0

;I

( y ) �

e;e

0

;I

(0) i (40)

=

A

6

8

X

~y

exp ( i ~ p � ~ y A ) �

2

X

r ;r

0

�

T r

t

�

�

2

( y )

�

f r ;f

0

r

T r

t

�

�

2

(0)

�

er

0

;e

0

r

0

�

:

W e in tro duce its time F ourier transform

B

f ;f

0

; e;e

0

;I

( p ) =

N

t

= 2

X

t =0

exp ( ip

0

tA ) B

f ;f

0

; e;e

0

;I

( ~p; tA ) : (41)

A t tree lev el the v acuum exp ectation v alue reduces through Wic k con tractions to pro ducts

of meson t w o-p oin t functions. In momen tum space w e ha v e, generically , the Euclidean

correlator

h � ( y ) � (0) i =

1

A

4

( L= 2)

3

( N

t

= 2)

X

k

exp ( ik � y A ) h � ( � k ) � ( k ) i (42)

where h � ( � k ) � ( k ) i = 1 = ( k

2

+ m

2

). So

h � ( y ) � (0) i =

1

A

3

( L= 2)

3

X

~

k

exp [ � E (

~

k ) tA + i

~

k � ~ y A ]

2 E (

~

k )

(43)
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for E (

~

k ) =

q

j

~

k j

2

+ m

2

. In terms of momen tum comp onen ts, the general term in the corre-

lator b ecomes

B

f ;f

0

; e;e

0

;I

( p ) =

A

6

�

2

8

X

y

exp ( ip � y A )

X

g ;s;r ;b

X

g

0

;s

0

;r

0

;b

0

D

�

b

f r ;g s

( ~ y ; t ) �

b

g s;f

0

r

( ~ y ; t ) �

b

0

er

0

;g

0

s

0

(0) �

b

0

g

0

s

0

e

0

r

0

(0)

E

=

�

2

8( L= 2)

3

( N

t

= 2) A

2

X

k

X

g ;s;r ;b

X

g

0

;s

0

;r

0

;b

0

hD

�

b

f r ;g s

( � k ) �

b

0

er

0

;g

0

s

0

( k )

E

D

�

b

g s;f

0

r

( k � p ) �

b

0

g

0

s

0

e

0

r

0

( p � k )

E

+

D

�

b

f r ;g s

( � k ) �

b

0

g

0

s

0

e

0

r

0

( k )

E D

�

b

g s;f

0

r

( k � p ) �

b

0

er

0

;g

0

s

0

( p � k )

Ei

: (44)

W e ha v e used the fact that the bubble term, b y de�nition, do es not include the v acuum

disconnected piece corresp onding to Eq. (37).

There are t w o t yp es of t w o-p oin t functions, namely , the connected t w o-p oin t function for

all tastes:

D

�

b

g s;f r

( � k ) �

b

f

0

r

0

;g

0

s

0

( k )

E

conn

=

�

r ;r

0

�

f ;f

0

�

g ;g

0

�

s;s

0

k

2

+ M

2

f g ;b

; (45)

and the additional disconnected con tribution for the taste-singlet, taste-axial-v ector, and

taste-v ector mesons. F or the taste singlet it is

D

�

I

g s;f r

( � k ) �

I

f

0

r

0

;g

0

s

0

( k )

E

disc

= �

�

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

3 n

r

k

2

+ M

2

S I

( k

2

+ M

2

U I

)( k

2

+ M

2

� I

)

: (46)

Here w e ha v e already decoupled the taste-singlet �

0

b y taking m

2

0

! 1 . The disconnected

con tribution for the taste-axial-v ector meson is

D

�

A

g s;f r

( � k ) �

A

f

0

r

0

;g

0

s

0

( k )

E

disc

= � �

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

�

A

( k

2

+ M

2

S A

)

( k

2

+ M

2

U A

)( k

2

+ M

2

� A

)( k

2

+ M

2

�

0

A

)

; (47)

and there is a similar con tribution for the taste-v ector meson.

It is con v enien t to carry out a partial fraction expansion of the disconnected con tributions

as follo ws:

D

�

I

g s;f r

( � k ) �

I

f

0

r

0

;g

0

s

0

( k )

E

disc

= �

�

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

3 n

r

 

3 = 2

k

2

+ M

2

U I

�

1 = 2

k

2

+ M

2

� I

!

(48)

and

D

�

A

g s;f r

( � k ) �

A

f

0

r

0

;g

0

s

0

( k )

E

disc

= � �

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

�

A

 

g

U

k

2

+ M

2

U A

+

g

�

k

2

+ M

2

� A

+

g

�

0

k

2

+ M

2

�

0

A

!

;

(49)
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where

g

U

=

M

2

S A

� M

2

U A

( M

2

� A

� M

2

U A

)( M

2

�

0

A

� M

2

U A

)

g

�

=

M

2

S A

� M

2

� A

( M

2

U A

� M

2

� A

)( M

2

�

0

A

� M

2

� A

)

(50)

g

�

0

=

M

2

S A

� M

2

�

0

A

( M

2

U A

� M

2

�

0

A

)( M

2

� A

� M

2

�

0

A

)

In the language of Refs. [13, 14], g

U

, g

�

, and g

�

0

are simply the residues for Eq. (47). Similarly ,

the factors of 3 = 2 and � 1 = 2 in Eq. (48) are the residues for Eq. (46).

C. Iso v ector a

0

correlator

W e no w sp ecialize to the iso v ector a

0

correlator. W e consider, for simplicit y , the u

�

d 
a v or

state. Only the quark-line-connected con tribution app ears in the QCD correlator

B

a

0

( ~p; � a ) = B

u;d ; d;u

( ~p; � a ) = �

X

~ x

( � )

x

exp ( i ~ p � ~ x )

D

T r[ M

� 1

u

( ~ x; � ; 0 ; 0) M

� 1

y

d

( ~ x ; � ; 0 ; 0)]

E

:

(51)

In terms of the meson �elds, the bubble correlator is (for � a = tA )

B

u;d ; u;d;I

( ~p; tA ) =

A

6

�

2

8

X

~y

exp ( i ~ p � ~ y A )

X

r ;s;f ;b

X

r

0

;s

0

;f

0

;b

0

(52)

D

�

b

ur ;f s

( ~ y ; t ) �

b

f s;dr

( ~ y ; t ) �

b

0

dr

0

;f

0

s

0

(0) �

b

0

f

0

s

0

;ur

0

(0)

E

After carrying out the Wic k con tractions and switc hing to momen tum space w e get

B

a

0

( p ) =

�

2

8 A

2

( L= 2)

3

( N

t

= 2)

8

<

:

n

2

r

X

f ;b

X

k

"

1

k

2

+ M

2

f u;b

1

( k + p )

2

+ M

2

f u;b

#

� 4 n

r

X

k

"

1

( k + p )

2

+ M

2

U I

1

3 n

r

k

2

+ M

2

S I

( k

2

+ M

2

U I

)( k

2

+ M

2

� I

)

#

� 4 n

r

X

k

"

4 �

A

( k + p )

2

+ M

2

U A

k

2

+ M

2

S A

( k

2

+ M

2

U A

)( k

2

+ M

2

� A

)( k

2

+ M

2

�

0

A

)

#

� 4 n

r

X

k

"

4 �

V

( k + p )

2

+ M

2

U V

k

2

+ M

2

S V

( k

2

+ M

2

U V

)( k

2

+ M

2

� V

)( k

2

+ M

2

�

0

V

)

#)

: (53)

Notice, in particular, the negativ e w eigh t threshold in the second term and the spurious taste-

nonsinglet � � thresholds in v olving Goldstone-b oson-lik e mem b ers of the � taste m ultiplet.
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In the con tin uum limit, in whic h taste-symmetry is restored, w e ha v e

B

a

0

( p ) =

�

2

8 A

2

( L= 2)

3

( N

t

= 2)

8

<

:

16 n

2

r

X

f

X

k

"

1

k

2

+ M

2

f u

1

( k + p )

2

+ M

2

f u

#

�

4

3

X

k

"

1

( k + p )

2

+ M

2

U

k

2

+ M

2

S

( k

2

+ M

2

U

)( k

2

+ M

2

�

)

#)

:

Here the total con tribution from pairs of ligh t states with mass M

U

is prop ortional to

(32 n

2

r

� 2) ; (54)

whic h v anishes when n

r

= 1 = 4. The negativ e norm threshold has neatly canceled the

unph ysical thresholds. The surviving thresholds are the ph ysical

�

K K and taste singlet � � .

D. Isosinglet f

0

correlator

In this case w e use the isosinglet op erator ( �

uu;I

+ �

dd;I

) =

p

2 . W e ha v e b oth quark-line-

connected and quark-line-disconnected con tributions

B

f

0

( ~p; � a ) = B

f

0

; conn

( ~p; � a ) + B

f

0

; disc

( ~p; � a ) (55)

B

f

0

; conn

( ~p; � a ) =

1

2

[ B

u;u ; u;u; conn

( ~p; � a ) + B

d;d ; d;d; conn

( ~p; � a )]

= �

X

~ x

( � )

x

exp ( i ~ p � ~ x a )

D

T r [ M

� 1

u

( ~ x; � ; 0 ; 0) M

� 1

y

u

( ~ x ; � ; 0 ; 0)]

E

(56)

B

f

0

; disc

( ~p; � a ) =

1

2

[ B

u;u ; u;u; disc

( ~p; � a ) + B

u;u ; d;d; disc

( ~p; � a )

+ B

d;d ; u;u; disc

( ~p; � a ) + B

d;d ; d;d; disc

( ~p; � a )]

=

1

2

X

~ x

exp ( i ~ p � ~ x a )

D

T r [ M

� 1

u

( ~ x; � ; ~ x ; � )]T r[ M

� 1

y

u

(0 ; 0; 0 ; 0)]

E

: (57)

The w eigh t of the disconnected part is n

f

= 4 for n

f

= 2 degenerate 
a v ors for the state. The

connected part of the correlator is iden tical to the full a

0

correlator.

In terms of the meson �elds, the bubble correlator is (for � a = tA )

B

f

0

( ~p; tA ) =

�

2

A

6

8

X

~ y

exp ( i ~ p � ~ y A )

X

r ;s;f ;b

X

r

0

;s

0

;f

0

;b

0

1

2

h D

�

b

ur ;f s

( t ) �

b

f s;ur

( t ) �

b

0

ur

0

;f

0

s

0

(0) �

b

0

f

0

s

0

;ur

0

(0)

E

+

D

�

b

ur ;f s

( t ) �

b

f s;ur

( t ) �

b

0

dr

0

;f

0

s

0

(0) �

b

0

f

0

s

0

;dr

0

(0)

E

+

D

�

b

dr ;f s

( t ) �

b

f s;dr

( t ) �

b

0

ur

0

;f

0

s

0

(0) �

b

0

f

0

s

0

;ur

0

(0)

E

+

D

�

b

dr ;f s

( t ) �

b

f s;dr

( t ) �

b

0

dr

0

;f

0

s

0

(0) �

b

0

f

0

s

0

;dr

0

(0)

E i

(58)
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In momen tum space the correlator b ecomes

B

f

0

( p ) =

�

2

8 A

2

( L= 2)

3

( N

t

= 2)

8

<

:

n

2

r

X

f ;b

X

k

"

1

k

2

+ M

2

f u;b

1

( k + p )

2

+ M

2

f u;b

#

+ 2 n

2

r

X

b

X

k

"

1

k

2

+ M

2

U b

1

( k + p )

2

+ M

2

U b

#

(59)

� 4 n

r

X

k

"

1

( k + p )

2

+ M

2

U I

1

3 n

r

k

2

+ M

2

S I

( k

2

+ M

2

U I

)( k

2

+ M

2

� I

)

#

� 4 n

r

X

k

"

4 �

A

( k + p )

2

+ M

2

U A

k

2

+ M

2

S A

( k

2

+ M

2

U A

)( k

2

+ M

2

� A

)( k

2

+ M

2

�

0

A

)

#

� 4 n

r

X

k

"

4 �

V

( k + p )

2

+ M

2

U V

k

2

+ M

2

S V

( k

2

+ M

2

U V

)( k

2

+ M

2

� V

)( k

2

+ M

2

�

0

V

)

#

+ 4 n

2

r

X

k

"

1

3 n

r

( k + p )

2

+ M

2

S I

[( k + p )

2

+ M

2

U I

][( k + p )

2

+ M

2

� I

]

1

3 n

r

k

2

+ M

2

S I

( k

2

+ M

2

U I

)( k

2

+ M

2

� I

)

#

+ 4 n

2

r

X

k

"

4 �

A

[( k + p )

2

+ M

2

S A

]

[( k + p )

2

+ M

2

U A

][( k + p )

2

+ M

2

� A

][( k + p )

2

+ M

2

�

0

A

]

�

�

A

( k

2

+ M

2

S A

)

( k

2

+ M

2

U A

)( k

2

+ M

2

� A

)( k

2

+ M

2

�

0

A

)

#

+ 4 n

2

r

X

k

"

4 �

V

[( k + p )

2

+ M

2

S V

]

[( k + p )

2

+ M

2

U V

][( k + p )

2

+ M

2

� V

][( k + p )

2

+ M

2

�

0

V

]

�

�

V

( k

2

+ M

2

S V

)

( k

2

+ M

2

U V

)( k

2

+ M

2

� V

)( k

2

+ M

2

�

0

V

)

# )

:

In terms of v alence quark w orld lines the �rst �v e terms are quark-line connected and the

last three are disconnected.

In the con tin uum limit w e ha v e

B

f

0

( p ) =

�

2

8 A

2

( L= 2)

3

( N

t

= 2)

8

<

:

16 n

2

r

X

f

X

k

"

1

k

2

+ M

2

f u

1

( k + p )

2

+ M

2

f u

#

+ 32 n

2

r

X

k

"

1

k

2

+ M

2

U

1

( k + p )

2

+ M

2

U

#

(60)

� 4 n

r

X

k

"

1

( k + p )

2

+ M

2

U

1

3 n

r

k

2

+ M

2

S

( k

2

+ M

2

U

)( k

2

+ M

2

�

)

#

+ 4 n

2

r

"

1

3 n

r

( k + p )

2

+ M

2

S

[( k + p )

2

+ M

2

U

][( k + p )

2

+ M

2

�

]

1

3 n

r

k

2

+ M

2

S

( k

2

+ M

2

U

)( k

2

+ M

2

�

)

#)

:

The t w o-pion threshold ( p + k )

2

+ M

2

U

= 0 and k

2

+ M

2

U

= 0 has a w eigh t prop ortional to

(64 n

2

r

� 1) �

2

: (61)

When n

r

= 1 = 4 the w eigh t is 3 (for three ph ysical pion c hannels). Th us, once again, only

ph ysical thresholds surviv e the con tin uum limit.
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E. Single-
a v or staggered fermions

Single-
a v or QCD has no Goldstone b osons. The lo w-lying pseudoscalar (call it the �

0

) is

lifted b y the anomaly . With the staggered fermion action, ho w ev er, only the taste-singlet �

0

is lifted b y the anomaly . The other 15 mem b ers of the taste m ultiplet (call them � ) remain

ligh t. The mem b er with pseudoscalar taste is an exact Goldstone b oson. Suc h a sp ectrum

w ould seem to sp ell trouble for the ro oted theory . It is in teresting to examine the scalar

meson ( f

0

) correlator to see ho w the corresp onding ro oted c hiral theory heals itself in the

con tin uum limit.

Call the single replicated 
a v or u . The connected meson correlator is as b efore [Eq. (45)].

W e c ho ose not to decouple the taste-singlet �

0

in this case b ecause it is the only ph ysical

meson. The disconnected correlator for the taste singlet is then

D

�

I

g s;f r

( � k ) �

I

f

0

r

0

;g

0

s

0

( k )

E

disc

=

�

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

n

r

"

�

1

( k

2

+ M

2

U I

)

+

1

k

2

+ M

2

�

0

I

#

: (62)

Similarly , the disconnected correlators for the taste axial v ector and taste v ector can b e

written as

D

�

A

g s;f r

( � k ) �

A

f

0

r

0

;g

0

s

0

( k )

E

disc

= �

r ;s

�

r

0

;s

0

�

f ;g

�

f

0

;g

0

� �

A

( k

2

+ M

2

U A

)( k

2

+ M

2

�

0

A

)

: (63)

and ( A ! V ), where in this case M

2

�

0

A

= M

2

U A

+ n

r

�

A

, and similarly for M

2

�

0

V

.

With these c hanges the f

0

correlator b ecomes

B

f

0

( p ) =

�

2

8 A

2

( L= 2)

3

( N

t

= 2)

(
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1
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1
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2
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�
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�
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r
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"

�

A
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W e note that a simpli�ed v ersion of our result (setting the discretization corrections from

�

A

and �

V

to zero) w as presen ted previously [2]. In the con tin uum limit the w ould-b e-

Goldstone thresholds b ecome degenerate with the negativ e-norm threshold, with a net w eigh t

prop ortional to

(32 n

2

r

� 2) : (65)

When n

r

= 1 = 4, the w ould-b e Goldstone b osons decouple from the f

0

correlator, lea ving

only the ph ysical high-lying �

0

�

0

c hannel.

IV. SIMULA TIONS AND RESUL TS

In this w ork w e analyzed the 0.12 fm ensem ble of 510 24

3

� 64 gauge con�gurations

generated in the presence of 2 + 1 
a v ors of Asqtad impro v ed staggered quarks with bare

quark masses am

ud

= 0 : 005 and am

s

= 0 : 05 and bare gauge coupling 10 =g

2

= 6 : 76 [17].

W e set v alence quark masses equal to the sea quark masses. T able I giv es the pseudoscalar

masses used in our �ts with the exception of the masses �

A

, �

0

A

, �

V

, �

0

V

. Those masses v ary

with the �t parameters �

A

and �

V

.

F or the ligh t quark Dirac op erator M

u

, w e measured the p oin t-to-p oin t quark-line con-

nected correlator

C

conn

( ~p; � ) =

X

~x

( � )

x

cos ( ~p � ~ x )

D

T r [ M

� 1

u

( ~ x; � ; 0 ; 0) M

� 1

y

u

( ~ x; � ; 0 ; 0)]

E

(66)

and p oin t-to-p oin t quark-line disconnected correlator

C

disc

( ~p; � ) =

X

~ x

( � )

x

cos ( ~p � ~ x )

D

T r M

� 1

u

( ~ x; � ; ~ x; � )T r M

� 1

u

(0 ; 0; 0 ; 0)

E

: (67)

In the latter case w e use noisy estimators based on random Z (2) color v ectors [26] �

k

for

k = 1 ; : : : N = 200:

T r M

� 1

u

( ~ x ; � ; ~ x; � )T r M

� 1

u

(0 ; 0; 0 ; 0) �

1

N ( N � 1)

X

k 6= k

0

;y ;y

0

��

k

( ~ x; � ) M

� 1

u

( ~ x ; � ; y ) �

k

( y ) (68)

� ��

k

0

(0 ; 0) M

� 1

u

(0 ; 0; y

0

) �

k

0

( y

0

) :

In terms of these correlators the a

0

and f

0

correlators are

C

a

0

( ~p; � ) = C

conn

( ~p; � )

C

f

0

( ~p; � ) = C

conn

( ~p; � ) �

1

2

C

disc

( ~p; � ) (69)
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Correlators in eac h c hannel w ere measured at �v e momen ta ~p = (0 ; 0 ; 0), (1 ; 0 ; 0), (1 ; 1 ; 0),

(1 ; 1 ; 1), and (2 ; 0 ; 0). All ten correlators w ere then �t to the follo wing mo del

C

a

0

( ~p; � ) = C

meson ;a

0

( ~p; � ) + B

a

0

( ~p; � )

C

f

0

( ~p; � ) = C

meson ;f

0

( ~p; � ) + B

f

0

( ~p; � ) (70)

where

C

meson ;a

0

( ~p; � ) = b

a

0

( p ) exp [ � E

a

0

( p ) � ] + b

� ;A

( p )( � )

�

exp [ � E

� ;A

( p ) � ] + ( � ! N

t

� � ) (71)

C

meson ;f

0

( ~p; � ) = c

0

( p ) + b

f

0

( p ) exp [ � E

f

0

( p ) � ] + b

� ;A

( p )( � )

�

exp [ � E

� ;A

( p ) � ] + ( � ! N

t

� � ) :

This �tting mo del adds explicit a

0

and f

0

p oles, as w ell as the corresp onding negativ e parit y

states, to the bubble con tribution. Suc h states are outside the scop e of the lo w order c hiral

Lagrangian in Eq. (2). Of course it is p ossible to enlarge the Lagrangian to include them

[21]. T aste-breaking e�ects complicate this exercise. Moreo v er, w e w ould need to in tro duce

a v ariet y of higher order c hiral couplings, whic h are unlik ely to b e w ell constrained b y our

data. Therefore, w e to ok the more mo dest approac h and treated these additional terms

empirically , k eeping in mind the p ossibilit y of higher order c hiral e�ects.

Our parameterization of the momen tum dep endence of the o v erlap factors b

j

( p ) requires

some discussion. The a

0

and f

0

are pro duced through the scalar densit y with spin-taste

assignmen t 1 � 1. Th us at zeroth order in the a

0

� � � � coupling their con tributions should

b e in v ersely prop ortional to their energies b

j

(0) = 1 = 2 E

j

( p ). A t higher order an iteration

of the bubble con tribution alters the momen tum dep endence of the p ole residue [21]. F or

presen t purp oses w e c hose the empirical �tting form

b

j

( p ) = b

j 0

+ b

j 1

p

2

: (72)

and adjusted the constan ts b

j 0

and b

j 1

.

The negativ e parit y states are the taste-axial-v ector pion �

A

and the taste-axial-v ector

�

A

. As staggered partners to the a

0

and f

0

they couple through axial v ector curren ts with

spin-taste assignmen t 


0




5

� 


0




5

, whic h con tribute a factor of the energy to source and

sink. Th us their bare momen tum dep endence should b e prop ortional to their energies

b

j

( p ) = b

j

E ( p ) : (73)

W e k ept this form, adjusting b

j

.
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The constan t c

0

( p ) is zero for all momen ta except ~p = (0 ; 0 ; 0), in whic h case it giv es

the v acuum-disconnected part of the f

0

correlator. There are elev en �t parameters for the

meson terms alone, but the t w o negativ e parit y masses w ere constrained tigh tly b y priors:

the �

A

, to the previously measured v alue, and the �

A

, to the same deriv ed mass that w e

used in the bubble term.

The bubble terms B

a

0

and B

f

0

in the �tting function Eq (70) are giv en in momen tum

space b y Eqs. (53) and (60). Their time-F ourier transforms yield B

a

0

( ~p; � ) and B

f

0

( ~p; � ) b y

applying the follo wing iden tit y term b y term:

B ( ~p; � ) /

1

A

2

( N

t

= 2)

2

X

p

0

;k

e

� ip

0

t

( k

2

+ M

2

1

)[( p � k )

2

+ M

2

2

]

=

X

~

k

e

� [ E

1

(

~

k )+ E

2

(

~

k )] t

4 E

1

(

~

k ) E

2

(

~

k )

(74)

where E

j

(

~

k ) =

q

j

~

k j

2

+ M

2

j

, and, as usual, tA � � a . Th us, for example, the

�

K K con tribution

to B

a

0

( ~p ; � ) for taste b is

�

2

16 L

3

X

~

k

e

� [ E

K b

(

~

k )+ E

K b

(

~

k )] t

4 E

K b

(

~

k ) E

K b

(

~

k )

: (75)

The bubble terms B

a

0

( p; � ) and B

f

0

( p; � ) w ere parameterized b y the three lo w energy

couplings � = m

2

�

= (2 m

`

), �

A

= a

4

�

0

A

, and �

V

= a

4

�

0

A

in the notation of Ref. [15]. They w ere

allo w ed to v ary to giv e the b est �t. The taste m ultiplet masses in the bubble terms w ere

�xed as noted ab o v e. The sum o v er in termediate momen ta w as cut o� when the total energy

of the t w o-b o dy state exceeded 1 : 8 =a or an y momen tum comp onen t exceeded � = (3 a ). W e

determined that suc h a cut o� ga v e acceptable accuracy for � � 4.

In summary , w e �t all ten correlators with fourteen parameters, elev en of whic h w ere

needed to parameterize the four explicit meson terms and three lo w energy couplings w ere

needed for the bubble con tribution. Through a prior, w e constrained the v alue of �

V

to

conform to previous �ts to the pseudoscalar masses and deca y constan ts [15 ], lea ving only

t w o of the lo w energy couplings to b e adjusted indep enden tly . Our b est �t ga v e �

2

=dof =

126 = 109 (CL 0.13).

The �tted functional form is compared with the data in Figs 1{3.

Results of the �ts are compared with results from �ts to the meson masses and deca y

constan ts in T able I I. The agreemen t is w orse if w e used the bare v alue r

1

� = 4 : 5 from

those �ts, rather than the higher-order m

2

�

= (2 m

`

), suggesting, p erhaps, that a higher order

calculation of the bubble con tribution migh t impro v e the agreemen t.
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FIG. 1: Best �t to the a

0

correlator for �v e total cm momen ta. The �tting range is indicated b y

p oin ts and �tted lines in red and blue (dark er p oin ts and lines). Occasional p oin ts with negativ e

cen tral v alues are not plotted.

Our �t Meson masses and deca ys

r

1

m

2

�

= (2 m

u;d

) 7.3(1.6) 6.7

�

V

(prior) � 0 : 016(23)

�

A

� 0 : 056(10) � 0 : 040(6)

T ABLE I I: Comparison of our �t parameters for the rS � PT lo w energy constan ts with results from

[15 ]

The �tted masses of the a

0

and f

0

in units of the lattice spacing are 0.61(5) and 0.45(9),

resp ectiv ely .

V. SUMMAR Y AND CONCLUSIONS

W e ha v e deriv ed the t w o-pseudoscalar-meson \bubble" con tribution to the f

0

correlator

in lo w est order S � PT, thereb y extending the result for the a

0

in reference [20]. W e ha v e

used this mo del to �t sim ulation data for the p oin t-to-p oin t a

0

and f

0

correlators and found
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FIG. 2: Best �t to the f

0

correlator for four total cm momen ta.

FIG. 3: Best �t to the zero momen tum f

0

correlator.

that b est-�t v alues of the three c hiral lo w energy couplings are in reasonable agreemen t with

v alues previously obtained in �ts to the ligh t meson sp ectra and deca y constan ts [15 ].

The t w o-meson bubble term in S � PT pro vides a useful illustration of the lattice artifacts

20



induced b y the fourth-ro ot appro ximation, since it in v olv es quark lo ops coming from the

fermion determinan t. The artifacts include thresholds at unph ysical energies and thresh-

olds with negativ e w eigh ts. These are the same sorts of artifacts commonly observ ed with

quenc hing or partial quenc hing. These con tributions are clearly presen t in the a

0

and f

0

c hannels in our QCD sim ulation with the Asqtad action at a = 0 : 12 fm. W e ha v e found

that they m ust b e tak en in to accoun t in a successful sp ectral analysis. F ortunately , rS � PT

pro vides an explicit parameterization of their con tributions for the in terp olating op erators

w e ha v e c hosen, thereb y allo wing a �t to sim ulation data with a manageable n um b er of

parameters. The rS � PT predicts further that these lattice artifacts disapp ear in the con tin-

uum limit, lea ving only ph ysical t w o-b o dy thresholds. This result is in full accordance with

the fourth-ro ot analysis of Ref [2]. It will b e in teresting to see whether this exp ectation is

b orne out in n umerical QCD sim ulations at smaller lattice spacing.

Ac kno wledgmen ts

This w ork is supp orted in part b y the US National Science F oundation, the US Depart-

men t of Energy and Slo v enian Ministry of Education, Science and Sp ort. W e are grateful to

the MILC Collab oration for the use of the Asqtad lattice ensem ble. The analysis of these

lattice �les w as carried out at the Utah Cen ter for High P erformance Computing.

[1] Claude Bernard, Maarten Golterman, and Yigal Shamir. Observ ations on staggered fermions

at non-zero lattice spacing. Phys. R ev. , D73:114511, 2006.

[2] C. Bernard. Staggered c hiral p erturbation theory and the fourth-ro ot tric k. Phys. R ev. ,

D73:114503, 2006.

[3] Yigal Shamir. Renormalization-group analysis of the v alidit y of staggered-fermion qcd with

the fourth-ro ot recip e. Phys. R ev. , D75:054503, 2007.

[4] Stephen R. Sharp e. Ro oted staggered fermions: Go o d, bad or ugly? PoS , LA T2006:022, 2006.

[5] Claude Bernard, Maarten Golterman, and Yigal Shamir. Regularizing qcd with staggered

fermions and the fourth ro ot tric k. PoS , LA T2006:205, 2007.

[6] Stephan Durr and Christian Ho elbling. Staggered v ersus o v erlap fermions: A study in the

21



sc h winger mo del with n(f ) = 0,1,2. Phys. R ev. , D69:034503, 2004.

[7] E. F ollana, A. Hart, and C. T. H. Da vies. The index theorem and univ ersalit y prop erties of

the lo w- lying eigen v alues of impro v ed staggered quarks. Phys. R ev. L ett. , 93:241601, 2004.

[8] Stephan Durr, Christian Ho elbling, and Urs W enger. Staggered eigen v alue mimicry . Phys.

R ev. , D70:094502, 2004.

[9] Stephan Durr and Christian Ho elbling. Scaling tests with dynamical o v erlap and ro oted

staggered fermions. Phys. R ev. , D71:054501, 2005.

[10] E. F ollana, A. Hart, C. T. H. Da vies, and Q. Mason. The lo w-lying dirac sp ectrum of staggered

quarks. Phys. R ev. , D72:054501, 2005.

[11] C. Bernard et al. The lo calit y of the fourth ro ot of staggered fermion determinan t in the

in teracting case. PoS , LA T2005:114, 2006.

[12] C. Bernard et al. Up date on the ph ysics of ligh t pseudoscalar mesons. PoS , LA T2006:163,

2007.

[13] C. Aubin and C. Bernard. Pion and k aon masses in staggered c hiral p erturbation theory .

Phys. R ev. , D68:034014, 2003.

[14] C. Aubin and C. Bernard. Pseudoscalar deca y constan ts in staggered c hiral p erturbation

theory . Phys. R ev. , D68:074011, 2003.

[15] C. Aubin et al. Ligh t pseudoscalar deca y constan ts, quark masses, and lo w energy constan ts

from three-
a v or lattice qcd. Phys. R ev. , D70:114501, 2004.

[16] Brian Billeter, Carleton DeT ar, and James Osb orn. T op ological susceptibilit y in staggered

fermion c hiral p erturbation theory . Phys. R ev. , D70:077502, 2004.

[17] C. Aubin et al. Ligh t hadrons with impro v ed staggered quarks: Approac hing the con tin uum

limit. Phys. R ev. , D70:094505, 2004.

[18] Eric B. Gregory , Alan C. Irving, Craig C. McNeile, Stev en Miller, and Zb yszek Sro czynski.

Scalar glueball and meson sp ectroscop y in unquenc hed lattice qcd with impro v ed staggered

quarks. PoS , LA T2005:027, 2006.

[19] Sasa Prelo vsek. E�ects of partial quenc hing and staggered fermions on the scalar correlator.

PoS , LA T2005:085, 2006.

[20] S. Prelo vsek. E�ects of staggered fermions and mixed actions on the scalar correlator. Phys.

R ev. , D73:014506, 2006.

[21] William A. Bardeen, A. Duncan, E. Eic h ten, Nathan Isgur, and H. Thac k er. Chiral lo ops and

22



ghost states in the quenc hed scalar propagator. Phys. R ev. , D65:014509, 2002.

[22] C. Aubin and C. Bernard. Staggered c hiral p erturbation theory . Nucl. Phys. Pr o c. Suppl. ,

129:182{184, 2004.

[23] W eon-Jong Lee and Stephen R. Sharp e. P artial 
a v or symmetry restoration for c hiral stag-

gered fermions. Phys. R ev. , D60:114503, 1999.

[24] Claude W. Bernard et al. The qcd sp ectrum with three quark 
a v ors. Phys. R ev. , D64:054506,

2001.

[25] P . H. Damgaard and K. Splittor�. P artially quenc hed c hiral p erturbation theory and the

replica metho d. Phys. R ev. , D62:054509, 2000.

[26] Shao-Jing Dong and Keh-F ei Liu. Sto c hastic estimation with z(2) noise. Phys. L ett. , B328:130{

136, 1994.

23


