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� want to have an algorithm for \realistic" lattice-QCD:

� light up-, down- quark masses(still degenerate . . . )

� include the strange-quark (m s 6= m u;d )

� Which fermion-formulation? Which gauge-action? (not discussed here)

� HMC, PHMC, RHMC, Multi-Boson, Domain Decomposition, . . .

Outline

� Multi-Step stochastic correction in Multi-Boson algorithms

� Hybrid Monte-Carlo algorithm and variants (PHMC)

� Application: dynamical u, d, s, c -quarks with twisted mass action (N f = 2 + 1 + 1 ) using PHMC
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Multi-Boson Algorithms

� algorithm based onL •uscher 's Multi-Boson representation [L •uscher, 1994]
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� able to deal with odd number of 
avors (N f = 1 ! � = 1=2; : : : , possible caveat: sign-problem)
� large ordern 1 forbids direct application (memory, long autocorrelation,. . . )
� use lowern 1 (less accurate) and perform stochastic correction (accept-reject, \noisy correction")

usingP2 of su�cient higher order n 2

P1(x )P2(x ) ' x � �

Two-Step Multi-Boson (TSMB) algorithm[Montvay, 1995]

(for practical purpose in noisy correction step also used�P2(x ) ' P2(x ) � 1
2 with order �n 2 > n 2 and lower bound

�� � � )
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Stochastic correction step (Noisy correction)

� �rst step (local updates)[U ] ! [U 0] produce con�guration according todet( P1(Q 2))

� stochastic correction step

� generate Gaussian random vector� with distribution

e� � yP2(Q[U ]2) �

R
d[� ]e� � yP2(Q[U ]2) �

use� = P2(Q[U ]2) � 1
2 � 0 = �P2(Q[U ]2) � 0 from simple Gaussian distributed� 0

� accept change[U ] ! [U 0] with probability

min
�

1; exp
h

� � y
�

P2(Q[U 0]2) + P2(Q[U ]2)
�

�
i �

� �nal distribution according todet( P1(Q 2) P2(Q 2))

� reweighting step possible to check/correct results
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Multi-Step correction in MB-algorithms
Montvay, EES Phys.Lett. B 623 (2005) 73

generalize TSMB to Multi-Step Multi-Boson (MSMB) algorithm:

P1(x )P2(x ) � � � Pk (x ) ' x � � ;

increasing ordern i > n i � 1, x 2 [� k ; � ], � i � � i � 1

P i '
h
x � P1(x ) � � � P i � 1(x )

i � 1
; i 2 2; 3; : : : ; k

� P1: local updates

� P2; : : : ; Pk nestednoisy corrections(Again: use �P i (x ) ' P i (x ) � 1
2 ; x 2 [�� i ; � ]; �� i � � i .)

start ! � � � !| {z }
N 1stepsP1
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N 3steps

� if accept-reject withP i negative: reset to last accepted withP i
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Further improvements

� Even-Odd preconditioningof the fermion matrix

� Determinant breakup [Hasenbusch, 1999]

� instead of using 1 polynom with exponent� , usen B polynoms with exponents�=n B

� better stochastic sampling in noisy correction step

� Mass preconditioning
� similar to Hasenbusch -trick in HMC-like algorithms [Hasenbusch, 2001]

� add a\mass-shift" � i > 0 to each polynomial except the�nal one (� k = 0 )

P1(x ) ' (x + � 1) � �

P i (x ) '
h
(x + � i )

� P1(x ) � � � P i � 1(x )
i � 1

; i 2 2; : : : ; k � 1

Pk (x ) '
h
x � P1(x ) � � � Pk � 1(x )

i � 1

� allows for lowern i ,
� acceptance remains su�ciently high, if� i =� i � 1 not much smaller than 1
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Cost-formula

the cost inMatrix-Vector Multiplications (MVM) per cycle
Wilson-fermions:1MVM ' 1344
 
op

N MVM=cycle = 6( n B n 1N � + N U ) + FG I G +
kX

i =2

2n B (n k + �n k )N Ck

N � number of local fermion updates,N U number of local gauge updates,
FG , I G frequency of global fermion updates and avr. number of MVM
N Ck number of correction steps involvingPk

in L 3 � T = 16 3 � 32, � = 0 :74(DBW2), a ' 0:13fm, N f = 2 , am q ' 0:024

2-step:n B = 4 , n 1 = 34 , n 2 = 720 , �n 2 = 740 , N C 2 = 1 ,
3-step:n B = 2 , n 1 = 60 , n 2 = 200 , �n 2 = 300 , N C 2 = 10 , n 3 = 800 , �n 3 = 900 , N C 3 = 1

compare10 cycles of 2-step with 1 of 3-step (� same number of local updates)

10 � 11;680 = 116;800 vs: 10 � 2;000 + 6 ;800 = 26;800

(plaquette-autocorr. (in cycles):� int ' 50 vs. � int ' 10 ) total gain � 1:5
(but well-tuned 2-step, not too much tuning e�ort in 3-step)
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Hybrid Monte-Carlo algorithms and variants

� HMC and stochastic correction
� replace �rst (multi-boson) update with mass-preconditioned HMC-update (� 1 > 0)
� use (multiple) stochastic correction to obtain correct (� k = 0 ) determinant
� HMC only suitable forN f even

� Polynomial-HMC
� again use polynomial representation in �rst step (multi-boson representation)

[Frezzotti, Jansen, 1997-1999]

� use �P1 ' P
� 1

2
1 for generating boson-�elds

� N f odd possible
� high orders inP1 both costly and induce rounding error in fermionic force
� reduce by determinant break-up and stochastic correction step
� Sexton-Weingarten integration scheme with multiple time-steps
(generally also applicable to Rational-HMC)
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Twisted mass simulations performed by PHMC with stochastic correc tion

� Wilson fermion matrix with twisted mass term and mass-splitting term
[Frezzotti, Rossi, 2004]
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� more on twisted mass: parallel talksUrbach , Jansen (Thursday, 4:00, 4:20pm)

� lower bound on EV, automaticO (a) improvement, phase structure

� including strange-quark without sign-problem (N f = 2 + 1 + 1 )

� � � = 0 : HMC applicable (rewrite action quadratic in single 
avor space)

(for details: Urbach , 2005;Farchioni ,. . . EES,. . . , Eur. Phys. J.C39 (2005) )

� � � 6= 0 : action not quadratic, use PHMC,P = x � 1
2 [Chiarappa et al., 2005]

� used PHMC with stochastic correction to repeat someN f = 2
of Farchioni ,. . . ,EES,. . . , hep-lat/0512017 , in press Eur. Phys. J.C

more advantageous than TSMB or even MSMB, but worse than HMC
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N f = 2 + 1 + 1 Chiarappa, . . . , EES, . . . , hep-lat/0606011

� two lattice spacingsa ' 0:20fm (123 � 24) and a ' 0:15fm (163 � 32)
� smallest pion masses670MeV (meta-stab.!) and450MeV
� algorithmic details and costs (163 � 32)

Sexton-Weingarten-int. with multiple time-steps,�� = 0 :4, N T = 2 , N G = 5 , N Q = 2 , n B = 2

N MVM �
X

doublets

�
2n B (n 2 + �n 2) + N T

h
2n B (n 1 + �n 1) + n B (3 + 2 N Q )(4 n 1 � 1)

i �

m � =m � m �;K =MeV n 1 �n 1 n 2 �n 2 cost=T
op
0:85 1080 70 110 120 160

1210 50 80 90 130 6:4�
0:58 450 220 320 800 930

852 60 100 120 160 15:6�  6
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TFlop vs. mp/mr

� � ' O (1) (depends on observable)
� larger step-size may improve cost/autocorrelation(alpha-Collaboration,Meyer et al., 2006 & parallel talk yesterday)

� may use mixed HMC (unsplit) and PHMC (split-doublet) (\bestof both worlds")
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Outlook: (P)HMC for N f = 2 + 1 + 1

instead of stochastic correction for PHMC-step usereweighting factor:

hA i =
hR [U ]A [U ]i

hR [U ]i

R =
Y

i

P1( � i ) � �
i

or

R =
1

det
�

P2(Q2)
� (stoch. est.)

or combine both

Chiarappa, Frezzotti, Jansen, Urbach :
using combined HMC(N f = 2 )/PHMC( N f = 1 + 1 ) with reweighting . . .

. . . waiting for performance-numbers to compare with PHMC/stoch. corr.
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Conclusions

� Multi-Step stochastic correction general tool for algorithms

� Multi-Boson (TSMB, MSMB)
� HMC
� Rational-HMC, Polynomial-HMC

� \mass preconditioning" possible

� especially advantageous for \oddN f " algorithms

application of PHMC with stoch. corr. to twisted massN f = 2 + 1 + 1

Numerical work presented here has been performed at
DESY

Hamburg

(PC-Cluster) and
NIC J•ulich

at

ZAM J•ulich
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BACKUP - SLIDES
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Polynomial approximation

� L 2-norm optimized turned out to be more favorable thanL 1 [Montvay, 1999]

� polynoms in recursive scheme, calculating coe�cients
� arbitrary precision arithmetics [Gebert and Montvay, 2003]

� discretization of approximation interval [Katz and T �oth, 2004]

� example fromL 3 � T = 16 3 � 32, � = 0 :74(DBW2), a ' 0:13fm, N f = 2 , am q ' 0:024:

n B = 2 ; � = 2 � 10� 5; � = 4 :0; n 1 = 60 ; n 2 = 200 ; �n 2 = 300 ; n 3 = 800 ; �n 3 = 900
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