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1 Introduction



Confinement mechanism

e Hadrons are considered as bound states of quarks and gluons.

e Physical states are color singlet states.
——> The energy of a color non-singlet state diverges.
—> absence of isolated quarks and gluons in nature

» There are several approaches to understand the mechanism of color confinement
where topological objects (collective infrared gluonic degrees of freedom) or unphysical
degrees of freedom are responsible for the confinement.

@ color monopoles in maximal abelian gauge (dual superconducting scenario)

e center vortices in maximal center gauge (center vortex model)

e ghost in Landau gauge

In Coulomb gauge, what are the relevant degrees of freedom for the confinement?
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2 Coulomb gauge QCD



Coulomb gauge Hamiltonian

» The Coulomb gauge Hamiltonian can be expressed as the sum of the gluonic part
and the instantaneous part:

1 1
H = / d*z {(E{) + B2} + / d*y / d32p™ (4, ) VP (§, 73 A™)p?(, 1)

e color charge density

a __ abe A b.,tr e tr . a
p* = gf** A EY" +igq' T
gluons quarks

® kernel of the instantaneous interaction

VOG5 AY) = [ daee(g, 5 AT (- VE)GN(E, 5 A)

» G is the Green's function of the Faddeev-Popov (FP) operator:
M ab = —0; Dab 5ab82 gfabcA,?trai
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Color-Coulomb potential
(D. Zwanziger, NPB518, 237 (1998))

» We can show by the perturbative analysis that the instantaneous interaction causes
an anti-screening effect.
— We expect that the instantaneous interaction provides a confining force.

» The color-Coulomb potential is defined as the instantaneous interaction energy
between color charges:

Vo(Z — §) = g>T* - TP(VP (&, §; A™))

» At the tree level, the color-Coulomb potential is the 1/ R Coulomb potential.



Coulomb gauge QCD

e Gribov ambiguity and instantaneous interaction
—> conjecture: Instantaneous interaction provides a long-range attractive force?
(V.N. Gribov, NPB138, 1 (1978))

e fundamental modular region and Gribov-Zwanziger scenario
(D. Zwanziger, NPB412, 657 (1994))

e g°Dyg is a renormalization group invariant. (independent of the ultraviolet cutoff
and the renormalization point and of the regularization and the renormalization scheme)

— I and P are renormalization group invariants.
(D. Zwanziger, NPB518, 237 (1998))

e Coulomb gauge is a renormalizable gauge (finite limit of the interpolating gauge).
(L. Baulieu and D. Zwanziger, NPB548 (1999) 527)
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@ gluon propagators in SU(2) lattice simulations
— Doo (k) is strongly enhanced at k = 0, while D' (k) vanishes.
(A. Cucchieri and D. Zwanziger, PRD65 (2001) 014001)

® (scheme independent) invariant color charge
(A. Cucchieri and D. Zwanziger, PRD65 (2001) 014002)

e Zwanziger's inequality Vo (R) > V(R)
—> If the color-Coulomb potential is non-confining, then the physical potential is also

non-confining, i.e., " No confinement without color-Coulomb confinement”.
(D. Zwanziger, PRL90 (2003) 102001)

@ gluon propagators and ghost propagator in SU(2) lattice simulations
—> The ghost form factor acquires an infrared singularity.

(K. Langfeld and L. Moyaerts, PRD70 (2004) 074507)



Lattice QCD simulations — confinement phase

J. Greensite and S. Olejnik, PRD67, 094503 (2003)
A. Nakamura and T. Saito, PTP115, 189 (2006)

» The color-Coulomb potential behaves

Singlet V(R,T), 18°x32, B=

6

o-o color-Coulomb potential
— physical potential (from

Wilson loop)

as a linearly rising potential at large distances. 2
15}
» The color-Coulomb string tension is 2-3
times larger than that of the physical potential. ¢ 1f
. y . . >
— Zwanziger's inequality
05-
» [ he instantaneous interaction
provides a strong confining force. e

S
R

10

Figure 1: (from PTP115:189 (2006))
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Lattice QCD simulations — deconfinement phase
J. Greensite and S. Olejnik, PRD69, 074506 (2004)
A. Nakamura and T. Saito, PTP115, 189 (2006)

® The color-Coulomb potential is a confining 246, TIT_~15
potential even in the deconfinement phase. 2
— The color-Coulomb string tension
does not serve as an order parameter for ol
confinement/deconfinement phase transition. =l
>
e In Coulomb gauge, the confinement 05- _
Is attributed to the instantaneous interaction, ZZ gﬁg.&ogg?n%gloﬁ;ﬂ molyakov 100
whereas the confinement/deconfinement o5 % FIQ 1o

phase transition will
be caused by the non-instantaneous interaction. Figure 2: (from PTP115:189 (2006))
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3 Eigenvalue distribution of the FP operator
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Motivation for our study
Now, we have two questions:
» Why is the color-Coulomb potential confining in the confinement phase?

» Why is the color-Coulomb potential confining even in the deconfinement phase? In

other words, why does not the color-Coulomb potential show a critical behavior?

—> To address these questions, we study the eigenvalue distribution of the FP

operator.
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Color-Coulomb self-energy
(J. Greensite, S. Olejnik and D. Zwanziger, JHEP 05, 070 (2005))

® The color-Coulomb potential is defined as the instantaneous interaction energy
between color charges:

Vo(Z —4) = ¢°>T* - TV (&, g; A™))

= T T ([ a0 (@, 5 AT (-G (2 5 A) )

® G is the Green's function of the Faddeev-Popov (FP) operator:

Mab — _aiDg,b — _5ab87‘,2 . g]cabchc::,trai

e The Green's function of the FP operator can be expanded in terms of the
eigenvectors @2 (&) and the eigenvalues \,, of the FP operator:
2 PR (D)5 ()
G (&, G; A") = Y — ~
n=1 n
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® The color-Coulomb potential can be written as

n,m=1

» We set 4y = & and consider the color-Coulomb self-energy

Vc(:E’—a_c')zgz Cho < Z ¢a( )¢a( )/d3 ch (2)(=V )¢:$(g)>

2
N<—1 1

» By Fourier transforming Vo (Z — &) and using the orthonormal condition

/d3$¢:a(f)¢?n(£) — 5nm9

d3p ~ - 2CD o n
/(277)3‘/0(19 T8V, <Z A_>
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we have




where F),, are the expectation values of the negative Laplacian in the FP eigenmodes
Fo= [ d003(@)(- V)63 (@

» We define the normalized density of the FP eigenvalues

N+ AN)
8Va AN

where N (A, X + AX) is the number of eigenvalues in the range [A, A + AM].

p(A) =

» [ hen, we have

: Amax
/O v PI*Ve (Ip]) = g2CD/ PV FR))

47 0 A2

where A is the ultraviolet cutoff and A,,.x is the corresponding maximum value of the
FP eigenvalue. At the tree level, V¢ is the Coulomb potential. Therefore at sufficiently
large P, Ve (|P]) ~ 1/|P]2, and the integration in the left-hand side is finite in the
upper limit as long as we keep the cutoff finite.
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: Amax
/0 %WZVC(IﬁI) :gch/O dA(p(AlI:(A»

» |f the condition
L PVF)
im
A—0
is satisfied in the infinite volume limit, the integration in the right-hand side diverges in

>0

the lower limit. In other words,

If the criterion is satisfied, the color-Coulomb potential is more singular than
the Coulomb potential (~ 1/|p]?) in the infrared region.

This is the necessary condition for the color-Coulomb potential being a confining

potential.
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Zero-th order in the coupling or an abelian theory

(M = —9,Df" = —6°"0% — gf***A7"0; — M = —9?)
e Eigenvalue equation: —V?2¢ (&) = Ap(T)
e Eigenvalue: A = k2
e Eigenvectors: plane waves
e Figenvalue density: p(A) = v \/4m?
® expectation value of the negative Laplacian: F'(A) = A

» confinement criterion is not satisfied:

p(A)F(A) . VA
= lim — =0
A—0 bY A—0 472
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Simulation details — Action and gauge fixing

e The gauge configurations
are generated by the heat-bath Monte
Carlo technique with the Wilson plaquette action:

(3 = 6/g? is the lattice coupling constant.)

e \We adopt the lterative method
to fix the gauge: we minimize the functional

d;*A;
Monte Carlo Steps

: Gauge rotation

8i°A,- =0

Figure 3: Wilson-Mandula method

Folg) = 3 Res (1 2o (@)Ui(e)g(e + ) )

with respect to the gauge rotation g(«) and find the local minimum of Fy;[g].
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Simulation details — Eigenvalue equation

» Construct the lattice FP operator

Mgz — Z SRelr {{Ta’, Tb} (Uz(w) + U;(x — ;/)) 0,y

— 2T°T*U;(x)$6,, ,,; — 2T°T°Ui(z — )0, ,_;

x+1 Y, —1

» Solve the eigenvalue equation

M¢n — >\n¢n

using the Lanczos method and obtain the lowest 1000 eigenvalues and corresponding
eigenvectors.
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» Calculate
N, A+ AN)
S8V3 A

p(N) = and  Fy = / B (T)(— V)l (),

and check whether the confinement criterion

. (PN F(N))
fim, = >

0

Is satisfied.

® Previous work: J. Greensite, S. Olejnik and D. Zwanziger, JHEPQ5, 070 (2005)
— FP eigenvalue density in SU(2) lattice simulation
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Figure 4: p(\) in the confinement phase. The FP eigenvalue density near A = 0

increases at large lattice volume.
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Figure 5: F'(A) in the confinement phase. We expect that F'(A) has a finite value at
A = 0 in the infinite volume limit.
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the confinement phase.
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T/T ~1.5 (B=6.11)
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Figure 7: p(A) in the deconfinement phase. The behavior of p(\) in the deconfinement
phase is qualitatively the same as in the confinement phase and the FP eigenvalue density
does not show a critical behavior.
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Figure 8: F'(\) in the deconfinement phase. F'(A) shows a similar behavior as in the

confinement phase.
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T/T ~1.5 (B=6.11)
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Figure 9: p(A)F(X)/A in the deconfinement phase. The necessary condition
limy_0 p(A)F(X)/A > 0 is satisfied even in the deconfinement phase.
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4 Summary
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Summary

» We investigated the eigenvalue distribution of the FP operator and it is revealed
that...

e The FP eigenvalue density of near-zero modes in SU(3) Yang-Mills theory is greater
than that of the abelian theory and the necessary condition is satisfied in the
confinement phase. Therefore, the color-Coulomb potential is more singular than the

Coulomb potential in the infrared region.

® [ he near-zero modes of the FP operator survive above the critical temperature and
the necessary condition is satisfied even in the deconfinement phase. This is the reason
why the color-Coulomb potential is a confining potential in the deconfinement phase

and does not show a critical behavior.
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