
Toward Group Theory Operators for tmLQCD Hadrons
DEREK HARNETT,

�
RANDY LEWIS,

�
AND ROBERT PETRY

�
�
Department of Physics, UCFV, 33844 King Road, Abbotsford, BC, V2S 7M8, Canada�

Department of Physics, University of Regina, Regina, SK, S4S 0A2, Canada

Abstract

Extraction of the mass spectrum from twisted mass lattice QCD is facili-
tated by respecting the octahedral group of rotations and accommodating
the broken parity and flavor symmetries of the theory. In this work, group
theory meson operators adapted to these constraints are constructed for
the special case of quark and antiquark fields at a common lattice site, con-
nected by extended gauge field paths.

1 Introduction

1.1 Motivation� Twisted mass lattice QCD (tmLQCD) offers an efficient mechanism
for eliminating unphysical zero modes thereby admitting calcula-
tions at lighter quark masses. Automatic ���	��
 improvement appears
at maximal twist.
[Frezzotti, Grassi, Sint and Weisz, JHEP 08, 058 (2001)]
[Frezzotti and Rossi, JHEP 08, 007 (2004)]� Lighter quark mass calculations require improved statistics for
hadron mass resolution. (See our other poster regarding the spec-
trum of tmLQCD.) This fact and the need to disentangle physical
states with the same quantum numbers may in part be accomplished
through the creation of more operators that represent the channel in
question.� The creation of more elaborate operators also allows for the study of
hybrid and exotic mesons.� The violation of parity by the twisted mass action causes many op-
erators to be twist angle dependent resulting in correlator contam-
ination by opposite parity states when not at maximal twist. This
suggests seeking a class of twist independent operators from which
the physical parity of an operator is readily deduced.� Operators with displaced quarks have been constructed using group
theoretical techniques but their usage necessarily require the calcula-
tion of quark propagators from multiple sources.
[Basak, Edwards, Fleming, Heller, Morningstar, Richards, Sato, and
Wallace, Phys. Rev. D72,094506(2005), Phys. Rev. D72,074501(2005)]

1.2 Lattice Symmetry Group

While parity (P) and charge conjugation (C) may be conserved by lattice
actions, the continuous rotational symmetry of nature is broken and one re-
quires operators adapted to the symmetry group of the lattice. For mesons
this is the octahedral group � with ��
 elements.
For an operator adapted to the representation ����� , where��������������� ��!"�$#%���$#���& is an irreducible representation of � , one identifies
the possible physical states ' ��� to which it corresponds by the following
table which shows the number of copies (*)+ of irrep � to which the
continuum ,.-��/� 
 irrep ' subduces. [Johnson, Phys. Lett. B114, 147(1982)]' � � � � !0# � # � ' � � � � !0# � # �1 2 131 1 1 4 1 251 2 22 1 131 261 
 2 172 2 2� 1 17281 2 9 1 172 � 2
An operator transforming as the irrep !;:=< could have spin content
( '����?>@��:A<B�C
D:=<B� 9 :=<.�FEGEFE ). In theory one needs many operators of each� to resolve the many physical spins ' in the tower of states to which it
corresponds.

1.3 Operator Building Blocks

We construct zero-momentum operators transforming as irreps of � �%�
from the space of operators spanned byH�I�J K�J LGJ M � NC
.>POGQ R L � ST
�- I � ST
C- K � S�U@VW 
�- < I � S�U@VW U VX 
�- < K � S�U VX 
YR M � SZ
B�
where

W � X >\[ 2 �][��^�_[ 4a`bWdc> X
and � and e are spinor indices for a total of��
gf 2Gh > 4 i 
 operators.

Construction of operators transforming as irrep � �%� is facilitated by ob-
serving that one can effectively consider the transformation of the spinor
and link paths independently and then combine them via octahedral
Clebsch-Gordan coefficients.

2 Spinor Contribution to Group Structure

The contribution to the group structure due to spinor indices is resolved
through consideration of the 16 bilinears RkjlR , where j represents one of
sixteen 
Bfm
 matrices, ��no�$p^q �Yp�rD�Yp�r]p^q �Yp^s��Yp^s p^q �Ctar_sC�Cu_s I�K t I�K & . The first four bi-
linears are scalars while the last four three-index objects are vectors under
the rotation group in the Euclidean continuum.
Parity (P) and charge conjugation (C) of the the bilinears are identified viav R v%w >yx Rkz w]{F|~} R }gw >�p�rGRv R v*w >����/zlR�
 | } R }gw > RBp r �
where z is the matrix implementing charge conjugation.
To classify the bilinears into irreps of � one observes that the character
table giving ��� �D
 for � is����� ! 4 z �r i z.� h zBr h z.���� 2 2 2 2 2��� 2 2 2 � 2 � 2! � ��� 2 1 1# � 4 � 2 1 2 � 2#�� 4 � 2 1 � 2 2
Since the bilinears are scalars and vectors in the continuum it follows that
they are invariant under � . By inspection it is straightforward to show
that the character table for the scalar and vector bilinears is identical with
that of ��� and #*� respectively. It follows trivially by the representation
decomposition formula for the number ( )+ of copies of irrep � in the rep-
resentation ' , ( )+ > 2�D� O���� � �B� +^� � �D
C�F�B� ) � � �D

that the scalar and vector bilinears form the basis of ��� and #*� irreps re-
spectively. Furthermore it may be verified that the �$�	� vector bilinear com-
ponent transforms as the �b�/� row for our choice of matrix representation� � |�� � �	��
 .
Hence the reduction of the spinor structure of our operators isj �.�%� � � j �k��� � �n � :�:� 2 2 p s # <%<� � 2p^q � <Z:� 2 2 p^s	p^q # :�:� � 2p�r � :=<� 2 2 tar_s # <%<� � �p�rFp^q � <Z:� 2 � u_s I�K t I�K # :=<� � 2
where now each bilinear may be classified uniquely by its irrep � �%� ,
row � , and irrep multiplicity index � .

3 Link Contribution to Group Structure

Define the gauge link part of our operators by- ICJ K � ST
.�P- I � ST
�- K � S"U�VW 
�- < I � S�U@VW U VX 
�- < K � S�U VX 
B�
where

W � X >�[ 2 �][��^�_[ 4a`bW"c> X
.

The parity and charge conjugation contributions due to the link structure
can be taken into account by defining the ��z -adapted superpositions,- ���s J I >P- ICJ K U���- < I�J < K U?z�- K�J I U���z�- < K�J < I �
where

X
is defined via VX >@V�.f�VW . Diagrammatically, one has�
� �

�
�  �¡
�¢£�¤ £"¥ £"¤*¥¦%§F¨© ª «­¬

For fixed ��z the space spanned by -����s J I is invariant under � and
will generate a representation -���� of the group. Restricting � �_� W 
 to��� 2 �_� 
]�G� 2 � 4 
]���/�^� 4 
]���/�^� 2 
]��� 4 � 2 
]�G� 4 �_� 
_& gives a basis for the six-dimensional

space and will provide the particular matrix representation
� � ®T¯�° �� s J I � � ± J ² � � ��
 .

The character table for -��%� giving � � ®�¯D° � � � 
 is! 4 z �r i z.� h zBr h zk�h ��� 1 1 �	��U 2 
Cz
Use of the representation reduction formula reduces -��%� to irreps �.�%� of����� as follows �3z ������ ������ !��%�³#l���� #l����U0U 2 1 2 1 2U~� 1 2 2 2 1�´U 1 1 1 2 2�0� 1 1 1 2 2
The symmetrized link fields corresponding to this reduction are

- + ¯�°µ � ST
B> O� s J I �
¶¸·*¹ º � � ® ¯D° �� s J I � � ± J ² � �	��
 � � +a�µG» �	��
 �¼�½ �¾�¿ ¶�·=¹�º � � ® ¯�° �� ± J ² � � ± J ² � �	��
 � � +a�»�» �	��
 ��À �Á - ���s J I � SZ
B�

where � Â��$(%
 and Ã are chosen so the denominator does not vanish and the
accessible �k��� are chosen from the above table. Here

� � +a�µ�» �	��
 is our matrix

representation for the irrep � . The - + ¯D°µ � SZ
 transform as the row � of irrep�k��� and are uniquely identified by them.

4 Total Representation Reduction and Operator Construction

4.1 Reduction of Direct Product Representations

Having classified the spinor and link components of our operators into irreps of ����� , it remains to combine them and reduce all possible direct product rep-
resentations. Parity and charge conjugation for the product representations satisfy �Ä>Å�BÆ �*Ç and zÈ>ÉzkÆDzkÇ . Noting that the character of �m�mÊ@�.� satisfies� � + �CË + Á � � � 
Ì>É� � + � � � � 
Y� � + Á � � � 
 , and using the representation decomposition formula one may reduce each direct product into irreps of � . As such the

4 i 
 -
dimensional representation generated by the space spanned by

H�I�J KGJ L�J M � NC
 may be reduced into irreps of ����� as follows

Ê � � � � ! # � # ���� ���Í��� ! #%� #T�#*� #%�Î#��Ï#%�AÐ�#T�Ñ���AÐ�!PÐ�#*�AÐ�#T�Ò�l�.Ð�!@Ð�#*�=Ð�#T� >%Ó
������z U�UÔU;�0��U3������ 
 
 h �� � 
 
 � h! i i i i# � 2 � 2 � 2G1 2 
#T� 2 � 2 � 2 
 2G1

Note that all possible lattice irreps
are accessible, not just the �l����
and #����� of simpler local operators.

4.2 Operator Construction Using Clebsch-Gordan Coefficients

The construction of the symmetrized operators themselves is accomplished by combining the spinor and link operator components j + ¯�° J Õµ and - + ¯D°µ using the
same formulae for parity and charge conjugation given above and by combining the irreps of � using Clebsch-Gordan coefficients for �l�BÊ��.� . These are given
by the following formula allowing the creation of symmetrized operators

H + ¯�°µ � NC
 ,Ö �m�×�k� ��Z�Î�a� �\Ø > Ù;Ú^Û �kÜ�Ý ¿ �CÞß �YàG� � · � Ü^Ý ¿ Á Þß Á à Á � · � Ü Ý ¿ Þß à � · �báâCã �ä ¿ ÙgÚ^Û � Ü Ý ¿ �CÞàF�$àG� � · � Ü Ý ¿ Á Þà Á à Á � · � Ü Ý ¿ Þà]à � · � á$å �Á >�Ó H + ¯D° J + ¯GæF° ææ J Õ æ J + ¯]ç�°�ççµ � NC
A> O Q Oµ æ J µ ç
Ö ��Æè�.Ç ��oÆé�oÇ �\Ø Rl� ST
$j + ¯GæG° ææ J Õ æµ æ - + ¯_ç�°�ççµ ç � SZ
YR�� SZ
 E

In the C-G coefficient formula Ã , Ã=� , and Ã�� are chosen so the denominator does not vanish. In the operator formula the allowed irreps for the spinor bilinear and
link components are determined in sections

4
and 
 . These fix � and z for the operator while the irrep � of � are those allowed by the C-G series table in the

previous section. Dirac indices on j and color indices on - and both indices on the spinors have been suppressed.

5 And Now for the Twist. . .

5.1 Operators with Definite Parity

Consider tmLQCD for a quark doublet.
A change of basis (by twist angle ê ) givesÖ@ëTìí ì Ø >¸îFï^ð��	� ê p^q_ñG��
 Ö@ëí Ø �
which leads to mixing among some, but not all, quark bilinears.
For example, òë ì p^s í ì > òë p^s íBóFôDõ ê U òë p^s p^q íBõCö ÷ ê
couples to both vector and axial mesons unless ê is carefully tuned, butòë ì t^r_s í ì > òë tar_s í
couples to the vector and never to the axial.

Explicit calculation shows that tmLQCD splits the results of section 2 into
two sets, according to flavor:
red structures are only independent of twist angle for charged mesons,
green structures are only independent of twist angle for neutral mesons.

Despite these restrictions, one finds that all ����� combinations can still be
obtained by factoring in some nontrivial link structure.

charged mesons*������z ++ +- -+ –��� 3 1 3 1��� 1 3 1 3! 4 4 4 4#%� 5 7 5 7#T� 7 5 7 5

neutral mesons�m����z ++ +- -+ –��� 1 3 3 1��� 3 1 1 3! 4 4 4 4#*� 7 5 5 7#�� 5 7 7 5

5.2 Preserving Parity in the Correlators

Building states of definite �k��� might seem insufficient for tmLQCD,
since the theory does not preserve P. However, tmLQCD does conserve
a “twisted parity”, ø� defined by the product of P and � êúù � ê 
 . There-
fore, states of definite twisted parity are automatically preserved in any
correlation function. Since our quark bilinears are independent of ê , P andø� are equivalent for these bilinears.

*Note that the charged mesons are really only eigenstates of g-parity with
eigenvalue û >úz��$� 2 
$ü , but the argument may be corrected in a straight-
forward manner.
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