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Abstract
We discuss the equation of state for QCD in the low density

regime. The studies of the equation of state can provide basic
input for the analysis of the experimental signatures for QGP
formation and are very important. We perform simulations of two-
flavor QCD with an improved Wilson quark action and calculate
the Taylor expansion coefficients of the thermodynamic grand
partition function in terms of chemical potential up to fourth order.
These enable us to estimate the pressure, the quark number
density and its susceptibility as a function of the chemical
potential in the low density regime. In this poster, we report the
current status of our project and show the preliminary results.



QCD Thermodynamics with Wilson type quarks
• Numerical study of full QCD at High

temperature and density is very important.

• However, most of studies are performed
using staggered-type quark action with the
4th root trick of the quark determinant.

• We study the QCD thermodynamics
systematically using a Wilson type quark
action, and want to obtain basic
information for the analysis of the
experimental data of heavy ion collisions,
comparing the results by staggered-type
quark actions.
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Iwasaki improved gauge action +
Clover improved Wilson action

• Many studies have been done using this action [CPPACS,2000-2001].
– T=0, q=0: light hadron spectrum, etc.
– T0, q=0: phase structure, Tc, O(4) scaling, equation of state, etc.
– Useful information for performing simulations has been already obtained.
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Phase structure of QCD with Wilson-type quarks

Parity-broken phase (T=0)Parity-broken phase (T0)

Chiral limit at T=0

T0 pseudo-critical line

Critical poit in
the Chiral limit

CP-PACS, PRD63, 034502(2000)



Lines of constant physics (LCP) and
temperature (T) in the (,K) plane

• Interpolating the data of mPS and mV, we determine lines
of constant mPS/mV as lines of constant physics.

• Temperature is estimated by  meson mass mV and
normalized by Tpc/mV for each LCP.

Pion mass (mps) at T=0  meson mass (mV) at T=0

CP-PACS Collab.,
PRL85, 4674 (2000);
PRD63, 034502 (2000);
PRD64, 074510 (2001);
PRD65, 054505 (2001)
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Pseudo-critical temperature as
a function of mPS/mV

(CP-PACS, PRD64, 07510 (2001))

• Colored lines: line of constant mPS/mV

• Green line (Kc): chiral limit, line of mPS=0
• Red line (Kt): finite temperature pseudo-critical line
• Dashed lines: lines of constant T/Tpc



Equation of state at 
Basic thermodynamic quantities at 0
• Pressure: (Z: grand partition function)

• Quark number density:

• Quark (Baryon) number susceptibility:

• Isospin susceptibility:

• Charge susceptibility: important for experiments.
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Pressure and Energy density at =0
(CP-PACS, PRD64, 074510 (2001))

• Pressure is computed by the integral method for =0.
• We extend this study into finite .
• We compute the Taylor expansion coefficients of pressure at =0 by

Monte Carlo simulations and extrapolate into finite .
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Simulation parameters
• We perform simulations for Nf=2 at mPS/mV0.65 and 0.80 and investigate T

dependence of Taylor expansion coefficients.

• Iwasaki improved gauge action and clover-improved Wilson fermion action
are used.

• Lattice size:
• 500 ~ 600 configurations (5000 ~ 6000 trajectories) for each T (.
 We use the random noise method with Nnoise=10. (see Appendix)
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Derivatives of grand partition function

 These operators can be calculated by
the random noise method.
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Preliminary results of susceptibilities (mPS/mV0.8)

• We also measured the second derivatives of these susceptibilities (4th

derivatives of pressure) with respect to q and I, however the statistical
errors are too large at present. (200-500 configurations are used for this calculation.)

• The choice of the number of noise vectors may be important (see Appendix).

Quark number(q) and Isospin (I) susceptibilities Charge susceptibility (C) q=0)



Lines of constant pressure
• It is interesting to compare the line of constant

pressure (or energy density) to the chemical
freeze out points.

• We estimate the line of constant p near q=0.
Along this line

• The slope of constant p line in the (T, q)
plane is given by
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Preliminary results at q=0 for mPS/mV0.8

• The slope at q=0 is about -0.1. This is
roughly consistent with the previous
results by an improved staggered
(Red dot: Bielefeld-Swansea, PRD66,
074507(2002), (mPS/mV=0.7)).

• Further studies at small quark mass and
large Nt are necessary to compare with
the experimental results.



Summary
• We report the current status of our study of QCD thermodynamics with a

Wilson-type quark action.
• Lines of constant physics, i.e. constant mPS/mV, in the (,K) plane are

investigated and determined the relation between the parameters (,K)
and (T, mPS/mV).

• Derivatives of pressure with respect to q and I up to 2th order are
computed and the preliminary results are obtained.

• Fluctuations of Quark number density, Isospin density and charge
density are discussed.

• The line of constant pressure in the (T,) plane is also discussed.
• For the calculation of 4th order derivatives, the choice of the number of

noise vector (Nnoise) is important. We find that Nnoise=10 is not enough.
• Further studies with large Nt is also important.



Appendix: Remarks on the noise method
• Calculation of

• Random noise method is applied. (: random noise vector)

where  satisfies

e.g.

– Calculation of M is easier than M itself.

Solve

– We can reduce the CPU time. large lattices and high statistics

– The number of noise vectors dependence: must be checked.
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The results by different noise sets are almost consistent for the even order derivative terms,
however the difference is visible for the odd order terms, especially for the 1st order term.

• To estimate the error form the noise method, we calculate operators using 2
independent sets of noise vectors with Nnoise=10 and plot the time histories.
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We increase the number of noise vectors up to Nnoise=30.

• The result of is getting better. The choice of Nnoise is
important for the calculation of the odd derivative term.

• Because is purely imaginary, there are no correlation between
the results of the real part obtained by two independent noise sets.

• The best choice of Nnoise depends on the type of operators.
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