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Constraining the Unitarity Triangle
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Importance of |Vcb|

VCKM =
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|Vcb| is needed to constrain the apex of the unitarity triangle from kaon mixing (along
with BK ). Given that

A =
|Vcb|

λ2
(2)

has ≈ 2% error, we see that this contributes a 9% error to ǫK because it appears in the
formula below to the fourth power.

|ǫK | = CǫBKA2η{−η1S0(xc)(1 − λ2/2) + η3S0(xc, xt) + η2S0(xt)A
2λ2(1 − ρ)}

Lat ‘06, July 26, 2006 – p.4/22



Methods for extracting |Vcb|

Inclusive b → cℓν can be calculated perturbatively, but is ultimately limited
by the breakdown of local quark-hadron duality. Difficult to estimate
systematics.

Exclusive B → Dℓν is theoretically cleaner but is experimentally more
difficult because of phase space suppression.

Exclusive B → D∗ℓν is experimentally cleaner but more challenging for
the lattice. Still can be done as this talk will demonstrate.
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Obtaining Vcb from B → D∗lν l

dΓ

dw
=

G2
F

4π3
m3

D∗(mB −mD∗)2
√
w2 − 1G(w)

×|Vcb|2|FB→D∗(w)|2 (3)

where G(w) is a kinematic factor and FB→D∗ is a
nonperturbative matrix element. w = v′v̇ is the velocity
transfer from initial (v) to final state (v′).
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Lattice calculation

Done on MILC lattices with improved staggered (asqtad) sea quarks

Heavy quarks are treated using the Fermilab action (and heavy quark
effective theory)

Light valence quarks are also asqtad staggered

Many MILC lattice ensembles exist. This work only makes use of the
MILC coarse lattices (a ≈ .12 fm). We will add the fine (a ≈ .09) soon.
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Fermilab Action

The Fermilab method uses the SW (clover) action

S =
∑

x,f

ψ
f

xψ
f
x −

∑
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κfψ
f

xMxyψ
f
y +

i

2
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f
x

with

am0f =
1

u0

�
1

2κf

−
1

2κcrit

�
(4)

The bare mass, am0 and clover coupling cSW are adjusted so that the leading effects of
the heavy quark expansion are correctly accounted for.
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Calculating B → D∗

FB→D∗(1) = hA1
(1), (5)

〈D∗(v)|Aµ|B(v)〉 = i
√

2mB2mD∗ǫ′
µ
hA1

(1).

(6)

hA1(1) is constrained by heavy quark symmetry:

hA1(1) = ηA

[

1 − lV

(2mc)2
+

2lA
2mc2mb

− lP

(2mb)2

]

(7)
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Double ratio method

Hashimoto et al

〈D∗|cγ4b|B
∗〉〈B∗|bγ4c|D∗〉

〈D∗|cγ4c|D∗〉〈B∗|bγ4b|B
∗〉

= |h1(1)|2 . (8)

h1(1) is constrained by heavy quark symmetry:

h1(1) = ηV

[

1 − lV

(

1

2mc

− 1

2mb

)2
]

,

(ηV is a perturbative factor matching HQE theory to QCD.)
Note that statistical and systematic errors cancel in the
ratio, including non-perturbative renormalization factors.
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Double ratio method

〈D|cγ0b|B〉〈B|bγ0c|D〉

〈D|cγ0c|D〉〈B|bγ0b|B〉
= |h+(1)|2 . (9)

〈D∗|cγjγ5b|B〉〈B
∗
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∗
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=
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h+(1) and ȟA1
(1) are constrained by heavy quark symmetry:
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(11)
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Matching
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This diagram illustrates the factors that match lattice gauge theory to HQET
and QCD.
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Numerical Results

In the following, the η and ρ factors are set equal to 1. The ρ factors
matching the lattice to the continuum have been calculated by Nobes,
and will be incorporated into the analysis in the very near future.

The data has been analyzed for three light dynamical mass points using
a single time source with mlight ≈ ms/7 for the lightest light quark mass.
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Double Ratio Plots
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Heavy Quark Dependence
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Heavy Quark Dependence
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Diagrams contributing to B → D∗ ChPT

One-loop diagrams that contribute to B → D∗. The solid line represents a meson
containing a heavy quark, and the dashed line represents light mesons. The small solid
circles are strong vertices and contribute a factor of gπ . The large solid square is a weak
interaction vertex. Diagram (a) is a vertex correction, and (b) and (c) correspond to
wavefunction renormalization.
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Taste Symmetry Breaking

Staggered quarks come in 4 tastes ⇒ staggered mesons come in 16
tastes

Labeled by the taste matrix in the lattice operator: πT ≡ Qi(γ5 ⊗ ξT )Qj

1 Singlet – ξI 1 Goldstone – ξ5

4 Vector – ξµ 4 Axial – ξµ5 6 Tensor – ξµν

d
d

u
u q = �a

On the lattice, quarks of one taste can turn into another by exchanging
high-momentum gluons
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Taste Splittings
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Staggered ChPT formula
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(15)

where a is the lattice spacing, δ′V , gπ and XA are constants, and F is a complicated
function involving logs.
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Chiral Extrapolation
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Conclusions

Still to do:

More statistics by exploiting large time extent on MILC lattices using
multiple time sources

Running on additional lattice spacings

Including matching factors in the analysis

Careful enumeration of all systematic errors
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