From the relativistic expression for the energy
E2= p2c + m3c%:

we see that the quantity

EZ
= p2= m22
is invariant under Lorentz transformations. A dierent way of expressing this

statement is to say that energy and momentum make up a four-vemt
— E . . -
p - E’ st py1 pZ

In general, any quantity that under Lorentz transformationsbehaves like the com-
ponents of the vector €t; x;y; z) is called a four vector. Since the energy and the

momentum form a four vector the length

is invariant under Lorentz transformations. This is, of coursethe case sincen is

the rest mass andc does not change under Lorentz transformations.

The reason for introducing the energy-momentum four vectos ithat this quan-
tity is conserved in any physical process in which no externalrfze, such as gravity
or friction, has an inuence. This will always be the case if ware analyzing a
collision between elementary particles which occurs so fastathany external force
can be neglected. So imagine for example that we have a cdllisin which two
particles, which we denote byA and B collide and as a result two other particles
result, which we callC and D:

A+B! C+ B:
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The conservation of the relativistic energy and momentum fouwector then says

Prat Pg = Pct Pp:

In components this implies that the energy is conserved

Epn+ Eg = Ec + Ep;

and the momentum is conserved
Pt =1ct

Note that the energy in a relativistic collision is conserved buthe rest mass
will not be conserved. In order to see this consider the follongnexamples takes
out of the book by D. Griths

Example 1:Two clumps of clay, each of mass, collide head on at a velocity
3c5. They stick together. The question is to compute the madsl of the
nal composite lump.

We apply the conservation of the energy and momentum four vemtto get
Ei+Ex=Ey =Mc?> and @ +®=fu=0;

where the last equality holds since the nal lump is at rest. The@nservation
of energy then implies

2mc2 5
Mc2=E;{+Ey=pb—" = 2(2mdd):
1 2 W 4( )

This result makes it clear that the rest mass is no longer consedvin process
governed by special relativity. The mass of the nal lump is biger than the
sum of the masses of the two initial lumps. The kinetic energy of ¢hinitial

lumps was transformed to mass.
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This example shows that we can interpret mass as a concentratéatrm of

energy. If one converts mass into energy using
E = mc?;

then one sees that a small amount of mass generates huge amoumftsnergy. So
for example if we could convert a mass of 2[0completely into energy we would
generate 2 10"Wh which would correspond to 10% of the entire US energy
consumption per year. But in many situation only a very small perentage of the
rest mass will be released in the form of energy.

Example 2: A particle with mass M at rest decays into two pieces, each of
massm. What is the speed of each piece as it ies 0 ?

We again apply the conservation of the energy and momentum foouector.
The conservation of momentum says that the two lumps y o in opposite
directions at equal speeds. The conservation of energy reqsire

2m
M= g——;
1 &
which implies
S

2

2m
=c 1 —

Y M

This result only makes sense if the original madd is larger than 2n. If M

is smaller than 2n there is not enough energy available to generate the rest
mass of the two resulting particles. One says thd?l = 2m is the threshold
for the processM ! 2m to occur. The deuteron is below the threshold for
decay into a proton and a neutron since the corresponding masses a

mg = 18756MeV=¢ and  mp+ m, = 1877:9MeV=¢;

which means that it is stable.
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On the other hand, a pion (with massm =139:6 MeV =) in its rest frame,
can decay into a muon i = 105:7 MeV=2&) and an almost massless neutrino

The pion disappears releasing its rest energy. Part of this emgrwill be used to
generate the lighter muon and the the other part will be trangfrmed into kinetic
energy of the muon and the neutrino. This makes it clear that iaen a particle
decays the resulting particles must have a smaller total mass.

In the big accelerators that we discussed last week, elementargrficles are
accelerated to very high velocities. When the particle beanesllide the high kinetic
energy is then used to generate particles with very high mass. i§hs an example
in which kinetic energy is transformed to mass.

Another consequence of the relativistic relation between thenergy and the
momentum is the following. We had derived the very importantelation between
the energy and the momentum in special relativity, namely

E?= p2c+ m%ch

Taking the square root

p
E= ¢ p2+ m%c

we see that two signs are allowed. In classical physics we can justdce the states
with a negative energy. A particle with a negative kinetic eargy just does not
exist. But, as we will later see, in a relativistic quantum eld theory the negative
energy states have to be taken seriously and they correspond tdiparticles. The
prediction that there is a doubling in the world of elementay particles, i.e. that to
every particle there exists an antiparticle and vice-versas ione of the big triumphs
or relativistic quantum eld theory.
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2.3 The Subatomic Particles and their Interactions

Until now we have discussed spin and mass as properties that chaextze
elementary particles. Nowadays many elementary particleseaknow (more than
100) and there are many more properties, besides spin and mass,tthharac-
terize elementary particles. Next we will classify the elementa particles by the
kind of interaction which act on each particle. We know that here are four dif-
ferent interactions, which are the electromagnetic, strongyeak and gravitational
interactions. The gravitational interaction is special in tre sense that gravity will
act on anything that has energy and therefore any elementamarticle will inter-
act through gravitation. But this interaction will also be very weak. The other
three interactions will only act on certain elementary parftcles. So for example the

electromagnetic interaction will act on the proton but not a the neutron.

Next consider the electron. Since it has an electromagneticasige it will be
subjected to the electromagnetic interaction. But the elecbn is also subjected
to the weak interaction. Indeed, the standard example of a poess involving the

weak interaction is the so-called -decay
n! p+e + g

This decay of the neutron can be represented graphically astime gure below

d
Neutro u d
d \/ u} Proton
\/ ’

s
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In the above diagram theW boson is the particle responsible for mediating
the weak force. This example makes it clear that the electras subjected to the
weak interaction.

Moreover the electron does not interact hadronically. Thisan be seen by
bombarding nuclei with electrons. The scattering can be expfteed by invoking
the electromagnetic interaction only.

As we already discussed the known elementary particles can be sioacted
from the building blocks from the table below

The di erent forces are mediated by the so-called gauge bosonmghich can be
the photon, the gluon, theW or Z bosons. The building blocks of matter can
be either leptons or hadrons. The leptons interact weakly, ettromagnetically if
they are charged but they never take part in the strong interaon. All other
particles are hadrons and they are constructed from quarks. Hamhs interact
weakly, strongly and electromagnetically if they are chargke

In the following we will be discussing leptons and hadrons in someore detail.
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2.4 Leptons

In the table below the known leptons are summarized togetheritlr their spin,
mass, magnetic moment and lifetime.

Lepton Spin (Mass) ¢ (eh=2moc) Lifetime
e 1/2 0.55 meV 0 stable
e 1/2 0.511 MeV -1.001 stable
1/2 47.5 meV 0 stable
1/2 105.7 MeV -1.001 2.197s
1/2 0.54 eV 0 probably stable
1/2 1784 MeV ? 33 10 s,

In this table we see that there is a fundamental di erence beteen the muon
and the electron. The electron is stable and the muon is not.

All three subatomic interactions can be responsible for the decaf particles.
As a general rule (to which many exceptions exist) particles #t decay as a result
of the di erent interactions also have di erent lifetimes. As an example consider
the following table’

Interaction Example Lifetime
hadronic 10 23s
electromagnetic 0 10 18s
weak 10 10

? Note that the particles in this table are not leptons but hadrons which we will be discussing
in some more detail in the next sections.
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2.5 Mesons

Hadrons can be separated into mesons and baryons. In terms of theatk
structure a meson would be a bound state of a quark and an anti-gka while a
baryon would be a bound state of three quarks. While many barysnare stable,
like the proton, all the mesons decay through one of the thresteractions that we

discussed in the previous sections.

The rst meson that was ever discovered was the pion. The pion is a particle
that was predicted theoretically by Yukawa in 1938. It was oly 10 years after this
prediction that the could be found experimentally. In the following we will be
discussing in detail how such a prediction was made since this walkso illustrate
the idea of mediating interactions through the exchange ofgpticles. We will start
by discussing the more familiar example of the electromagnefiorce between two

electrons.

We have seen when we discussed special relativity that nothing daavel faster
than the speed of lightc. Once we have accepted special relativity then we have
to give up the that idea there is an interaction at a distance. & for example
in Newton's theory of gravitation it is assumed that the interation between two
bodies is instantaneous. But according to special relativity aapid acceleration
of the sun can only a ect the earth after the 8 minutes that it t&kes the light to
travel from the sun to the earth. In a theory that combines speal relativity and
guantum theory we imagine that the forces are not mediated at distance but that

there is an exchange of a particles taking place.

The electromagnetic interaction between two electrons, fexample, takes place

through the exchange of a photon as can be seen in the picturddye
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In order to understand how an interaction in a quantum theory &ke place we
will next discuss how energy conservation is handled in a quamtutheory. In the
previous sections we have learned that in special relativityhergy and momentum
are conserved. It turns out that in a quantum theory energy caervation can be
violated for very small periods of time. Indeed, in a quantumheory there is an
energy and time uncertainty relation which states

E t h;

which is similar to the uncertainty relation between the posibn and the momen-
tum, p x hthat we already met.

Due to this energy and time uncertainty principle the photonthat is being
exchanged between the interacting electrons cannot be obssi. Indeed, the pho-
ton that is being exchanged will be emitted and then absorbedjain after a small
time that we may call t. If the particle has an energy E then for time intervals
smaller than t h= E the photon will not be observed. Because of this the
photon is called virtual.

We can use the above reasoning to nd an approximation for the nge of the
di erent interactions. Indeed, during the time interval t h= E the virtual
particle mediating the interaction will travel at most the distancec t ch= E
before being absorbed by the second electron. If the virtual gele that is being
exchanged has a mags then the energy that it will cost to generate it is at least
its rest energy, namelymc?. This means that we can approximate the range of the
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interaction to be
o=

which is exactly the Compton wave length of the exchanged paile.

In case that we are considering a particle with zero rest mass likee photon
we see that the range of the interaction is in nite. That the ploton is massless
has been veri ed experimentally to a very high precision. Ineed, if the photon
would have a non-vanishing mass then Coulomb's law would be oeeted. No such
a correction has been measured to date. This implies that theass of the photon
has to be smaller than 106 ev =8 10 *°:

But the situation for the strong interaction is quite di erent. In 1934 it was
known that the hadronic interaction must be very strong and thait must have a
range of the size of the atomic nucleus (2 fermi , where 1fermi =10 °m). This
lead the Japanese physicist Yukawa to postulate that a new elemary particle is
being exchanged. This particle was called the pion. Using theasoning above the

mass of this pion could be predicted. The result was
h .
ro= — lL4fermi:
mc

This implied that the mass of the virtual pion would have to be eound 100MeV .

The pion with a mass of 139MeV was found 10 years later.

Yukawa's theory was very important for the further understanling of the strong
interactions. But at very high energies this theory does notrpvide the correct

description of the strong interaction and has to be replaced bQCD.

The above picture representing the interaction of two eleatns by exchanging
a photon is an example of a Feynman diagram. As we will later seleetse diagrams
provide an elegant procedure of calculation. Once we haveadm a diagram we
can say exactly what the value of the quantum mechanical ampide is. Or said
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di erently, a Feynman diagram can be translated into a resultdr the potential be-
tween elementary particles. The diagram representing the twoteracting electrons

corresponds to the Coulomb potential
V(r)= i:

In the same way if the particle that is being interchanged is nssive then the
Coulomb potential is replaced by the Yukawa potential

I=ro
V(r) = const:

For the weak interaction the situation is the following. The veak interaction
has a very short range (approximately 108 m). Because of the relation between
the range and the mass of the virtual particle that is being exanged it becomes
clear that the virtual particles responsible for the weak inteaction must be very
heavy. Because of their high mass (which is approximately &eV=¢ for the W's
and 90GeV =€ for the Z) and because they only interact weakly is has been very
di cult to con rm experimentally the existence of the partic les responsible for
the weak interaction. TheW particles were nally found in 1983 in the proton-
antiproton collider SPS at CERN which was operating at an emgy of 270GeV.

For the case of gravitation we would expect the mass of the gréam to be zero
since the range is in nite. But since gravity is so weak it turns ot to be almost
impossible to experimentally con rm the existence of gravitosr Until these days
only very indirect evidence for the existence of gravitatic waves has been found.
These waves would be the analogue of electromagnetic waved are the classical

limit of the graviton which would appear in a quantum theory @ gravity.

The discussion above describes how a new elementary particleg fhion, was
predicted. But more powerful than an additional elementaryarticle is the concept
that interactions are mediated through virtual elementaryparticles.
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