Arithmetic of Calabi-Yau Manifolds
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AIMS:

To explain the fact that the periods of a Calabi—Yau manifold in terms of which we com-

pute many observables of the effective low energy limit of string theory encode important
arithmetic information about the manifold.

To speculate about the role of ‘quantum corrections’ and mirror symmetry.



Periods of the Quintic I

Consider, for definiteness, the one parameter family of quintics i?,

5
M : Px,vy) = Za:f — 5 T T T3 L4 -
i=1

M hash'' = 1and h*! = 101.

In this simple case there is a simple relation betweeM and its mirror
W = M/T
I : (mla Loy L3g Ly, $5) = (Cnlwla anw% Cn3w37 Cn4w4a Cn5w5)

where(® = 1and >, n; = 1 mod 5.



M hash? = 101 and 204 = 2x100 + 4 periods while VW hash?' = 1 and 4 periods.

These periods are hypergeometric functions and satisfy a differential equation

where

4
d
L =90 —5Xx]][(Y+14), with ﬁ:Aa.

1=1
The operator L is of fourth order and A = 0 is a regular singular point with all four
indices equal to zero. Thus the solutions near the origin are asymptotic to

1, log\, log?)\, log’\ .



The solution that has no logarithm is the series

Jo(A) = Z

m=0

5 !
(m)5 AT

(m!)

more generally the solutions are of the form

@o(A) = fo(A)

w1(A) = fo(A) logA + fi(A)

@A) = Fr(A) log A + 2£1(A) logA + fo(A)

@5(A) = Fo(A) log* A + 31 (A) log? X + 3F,(A) log\ + F5(\)

where the f;(\) are power series. These series will enter into our calculation of the
number of rational points of M. Recall that these solutions may be found by the method
of Frobenius. That is by seeking solutions of the form

w(A€) = ) am(e) A tothe equation L (A, e) = e'A°.
m=0



We can fix a basis by choosingiy(e) = 1, independent ofe,
I'(1+ )’ T(1+ 5m + 5¢)
['(1+5¢) T'(1+m + €)’

We may however replace thea,,, by another choice. This freedom corresponds to

am(€) =

multiplying = (A, €) by a function h(e) with A(0) = 1 i.e. solving the equation
Lo(\, €) = h(e)e.

am(€) = h(e)am(e) with h(e) = i%hk ek .

k=0

This yields another basis:

}0 1 0 0 0 0 fo
(ﬁ\ (hl 1 0 0 0\ (fl\
fol =1 h 20 1 0 0| £

\ hs 3h, 3h; 1 0 VE
\;4) \hy 4hy 6hy 4h, 1) \f.)




Integral Series I

We know what the integers mean for theg-expansion of the yukawa coupling:
273\ > 1)? diy\* < nipk*q*
yttt:5<—> ( ) = 5+ -
5 / wo() (1 —°) \ dt

where in this expression

qg = exp(2wit) and t =

Integers however appear also in the mirror map

A = g+154¢° + 179139 ¢* + 313195944 ¢*
+ 657313805125 ¢° + 1531113959577750 g°
+ 3815672803541261385 q”
+ 9970002717955633142112¢° + . . . .



Rational Points I

Now ask a very strange question:

For the quintic M

53
P(x,v) = Z wi’ — 5 1 Ty 3 T4
=1
how many solutions of the equationP(x, 1) = 0 are there with integer «; and how

does this number vary with )?

Since thex; are coordinates in a projective space and we are free to multiply the coor-
dinates by a common scale there is no difference between seeking an integral solution
and a rational solution, ; € . This formulation is better because() is a field but it is
still very hard to answer in general. An easier but still interesting question is how many
solutions are there over a finite field.



Counting the Number of Points Exactly I

Denote by, the number of solutions to the equationP (x, 1) = 0 over [,,.

This expression holds for5 / p — 1. In the expression

p—l

A = Teich(A) = lim A*" and *fy(A
m=0

and we have changed basis with a functioi (g) with

h(rp) = Gre Iyl +57p) .
a, I',(1 4+ rp)d




Now, as we have said, the number of rational points is determined by the periods and there
are b® = 2h*' + 2 of these. The Hodge numbeth?' counts the number of parameters
on which the complex structure depends and, in simple cases, this corresponds to the
number of ways of deforming the defining polynomial

P(x,c) = E czx’ 5 ' =z ;xS ) w .
5

The directions in which P(x, ¢) can be deformed correspond to the monomialsc?
considered subject to the ideall@ P/0x;). A special role is played by fundamental

monomial
Q = L1 Lo L 3L 4L

which is related by mirror symmetry to the K'ahler form of the mirror.



Return now to our special one parameter family of polynomials

5

P(x,v) = Z azf — 51 134T .

1=1

M has2h? (M) + 2 = 204 = 2 X 100 + 4 periods while VW has2h* (W) + 2 = 4.
1 — Q@ — @ — @
r° — Q¥
This leads to 1 fourth order differential operator £ and 100 second order operatorsC;.

There are tenth order monomials that are not included in the above scheme and which
require special attention. The generators of the ideal are

:1811 ~ ) ko345 & cyclic.

Thus
m(4,3,2,1,0) ~ 1,0:13(0’4’3’2’1) ~N e~ ¢5 :13(4’3’2’1’0) .



We can also perform the sum in our expression for the number of points to give

p—1
= ) Bm AT
m=0
with coefficients
am 24 ... n+1
,Bm — lim (1+p+p*+...4+pmt1) _ (_1)m G5m G5_m

T Gm(1+ptpi+...+p™)

When we include the contributions of the other periods for the casé|p — 1 we find

plj;i — o 1 + Z Z ™A™ G5m H G— (m+kvj)

71=1
where K = (p — 1)/5. The contribution of ¥ = (0,0,0,0,0) gives our previous
expression. The quintict’s correspond to the other 200 periods and give the extra terms
that arise when5|p — 1. These terms have a natural interpretation as the exceptional

divisors of the mirror manifold. The monomial of degree 10 contributes only for the
conifold when)® = 1.



The Zeta-Function

Consider now IV,.(\) = 2=+ =0

over [F,,» and form

X N, (ANT"
C(T,A) = exp (Z ) .
r=1 r
If M is apointthenN, = 1 forall » and
> N, T" > T" 1
> Z— = —log(l — T) = ((T) =

1-T

r=1

Thus for a point
1

[]¢i™e) = 11 h = Qr(S) -

p L —DP7°




The Well Conjectures I

e Rationality (Dwork): ¢ (T') is a rational function of T’

e Functional equation (Groethendieck):

¢ (pjT) = p™X/ TX ((T)

where  is the Euler characteristic andd is the real dimension of M.

e Riemann Hypothesis(Deligne):
P (T)YP;(T)...Pyy ((T)
FPy(T)Py(T) ... Py(T)

with P;(’I") a polynomial with coefficients inZ of degreeb;. Furthermore

C(T) =

b;
P(T)=|[0—ay;T), |as] =p”? and P(T) =1—T, Pyu(T) =1—p*T.

J=1



The ¢-Function I

We now work over [F,,» and let /N,.(¢) denote the number of projective solutions to
P(x, 1) = 0. The ¢-function is defined by the expression

oo N, tr
C(ty ) = exp (Z %) )

r

r=1

We are led to decomposéV.,. into a sum of contributions IV, = w0+ D 0w New
Ry(t, ) 1], R.(t, )
Canlty ) = — o
(1 —1¢t)(1 — pt)(1 — p°t)(1 — p°t)
Ry(t, )
Cww(t, ) = : .

1 —1)(1 — pt)" (1 — p*t)" (1 — p°t)
In all cases, apart from the conifold, R, is a quartic

Ry = 1+ agt + by pt* + a, p’t’ + p°t*.



The Euler Curves I

Classical analysis gives an expression for the hypergeometric functions in terms of Euler’s
integral which is of the form

/dww‘a/5(1 x) PP (1 — a /) TR/

If we think of Euler’s integral as d?“’ then we are led to curves

Eap) : ¥ = 2%(1 — 2)°(1 — /97"

v o 16,

(4,1,0,0,0) 2 | 3 ’ 5
( a—+ 00 =35
(3,2,0,0,0) 1 4
EaB =
(3,1,1,0,0) 2 | 4
(2,2,1,0,0) A 5 (B a+03F#5anda # 3.
9 =9 =9 Y




(5,0,0,0,0)

(4,1,0,0,0) (4,0,1,0,0)

(3,2,0,0,0) (3,0,2,0,0)

(2,3,0,0,0) (2,0,3,0,0)

(1,4,0,0,0) (1,0,4,0,0)

(0,5,0,0,0) (0,0,5,0,0)

(0,4,1,0,0) (0,3,2,0,0) (0,2,3,0,0) (0,1,4,0,0)



For the curve A there is a corresponding(-function

B R 4(t)*
Al = T ha—pp

Now the existence of nontrivial fifth roots of unity is important for the mirror construction.
Such roots of unity exist inl,,~ precisely when5|p™ — 1. For givenpletp = 1,2 0or 4
be the smallestr for which 5|p™ — 1.

The Rz pair up in the following way:

R35.1,1,0,0)(t) 2,2,1,0,0) (%) RB(thP)l/p .

So the-function for M takes the form

Ro(t, 1) Ra(p?t?, 1) » Rs(p°t?, 1)~
(1 —t)(1 — pt)(1 — p?t)(1 — p°t)

Cm(t, ) =



The Z-Function and Mirror Symmetry I

We now work over [F,- and let IN,.(1)) denote the number of projective solutions to

P, ) = 0.
>~ N, T
(T, ) = exp <Z %) )

I"D

r=1

As defined the(-function does not respect mirror symmetry

Numerator of deg.2h?! + 2 depending on the cpx. structure ofM

C(T) =

Denominator of deg.2h!! + 2

Explicitly for the quintic we have

Ry(T, 1) Ra(p"T?,v)* Ru(p?T?,v)*
(1—T)1 — pT)(1 — p*T)(1 — p*T)

Ccm(T's )

Ry(T, 1)

T,
W) = AT a ey - Py - pT)




The Conifold I

For the conifold 1/° = 1 the (-function seems to be especially simple

1—epT)1—a,T + p’T? (1 — pT)'""

T,1) = L p =
D = oA —pDa—pT a—pr P

where e = (%) = =1 and a, is the p-th coefficient in the g-expansion of the eigen-
form, g, found by Schoen; it is the unique cusp form of weight for the group I'y(25).

g = n(¢°)*[n(@)* + 51(9)*n(g”®) + 20m(q)*n(g®)* + 25m(q)n(g*)* + 25m(q™)"]

:q—l—q2—|—7q?’—7q4—|—7q6—|—6q7—15q8—|—22q9—43q11—49q12
+162 ¢ — 105 ¢** — 28¢*° — 35¢" — 42¢* +160q” +424¢*" + - --



125.5%'s are blown down but only 101 are independent so 24 4-cycles are created.

S3

4-chain

(1—a,T+p'T?) (1 — pT)™
1 —=T)1 - p’T)*(1 — p*T)

C(Ta 1) =



Now we resolve 125 nodes witl?'’s, but there are 100 relations so we destroy 100 3-cycles.
SZ

3-chain

(1—ap,T+pT") (1 —pT)"™®
1 —=T)1 —pT)*1 - p’T)*(1 — p°T)

C(Ta 1) =

(1—a,T + p°T?)
1—T)1— pT)*(1 — p*T)»(1 — p°T)




The Z-Function and Mirror Symmetry I

We now work over [F,,» and let IN,.(¢)) denote the number of projective solutions to

P(x,v) = 0.
>~ N, T
(T, ) = exp (Z %) )

r

r=1

As defined the(-function does not respect mirror symmetry

Numerator of deg.2h?! + 2 depending on the cpx. structure ofM

C(T) =

Denominator of deg.2h! + 2

Explicitly for the quintic we have

Ro(T, %) Ra(p?T?, ¢)» Rs(p?T?, )"
(1—T)1 — pT)(1 — p*T)(1 — p*T)

CMm (L, 'Qb) —

Ry(T', 1)
1-T)1—pT)"(1 - p*T)" (1 — p°T)

CW (Tv 'Qb)



The 5-adic Limit
The desired relations are true in the 5-adic limit. More precisely for allp and )
Ry(T,%) = (1—T)1 - pT)(1 — p’T)1 — p'T) + O(5’)
RA(T, )" Rp(T,¥)" = (1 —pT)™(1 — p"T)™ + O(5")

so that
1

Cw = Cj“‘o( )

Compare this with the quantum corrections to the classical Yukawa coupling which we
write in the form

yttt B Z _ 1+(’)(52)
yttt 9 o

since Lian and Yau have shown that®|nk?® for each k.



