
PHYSICAL REVIEW B, VOLUME 64, 214109
Power law in properties of sulfur near the polymerization transition
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~Received 9 February 2001; revised manuscript received 25 June 2001; published 13 November 2001!

Sound velocity and attenuation in liquid sulfur have been measured at temperatures from 80 °C in the super
cooled state through the melting temperature~about 120 °C! to 200 °C under saturated pressure. The measure-
ments were performed with a pulsed phase sensitive technique at frequencies from 5 to 22 MHz. Accuracy of
the sound velocity measurements was 0.1%. A distinct feature in sound velocity was found near 159 °C where
sulfur experiences an equilibrium polymerization. However, neither dispersion in the sound velocity nor any
appreciable change in sound attenuation was observed. Excess sound velocity~with respect to the monomeric
liquid! was extracted from the data and used to estimate the extent of polymerization as a function of the
temperature. Both quantities exhibit a similar power law behavior with the exponent close to 0.77.

DOI: 10.1103/PhysRevB.64.214109 PACS number~s!: 64.70.Ja, 61.25.Hq, 62.60.1v
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INTRODUCTION

Equilibrium polymerization is one of the basic chemic
processes that exists in some organic and inorganic syst
Systems polymerizing under equilibrium conditions betwe
polymeric molecules and their respective monomers incl
certain proteins forming supermolecular structures and v
ety of organic compounds.1,2 Polymerization in liquid sulfur
has attracted significant attention over the last century3,4 be-
cause, in particular, it is the simplest example of such a p
nomenon and therefore the most suitable for modeling. In
last few decades both experimental and theoretical prog
has occurred with respect to equilibrium polymerization,5 but
this process still is not well understood even for sulfur. T
paper presents an experimental study of the polymeriza
transition in fluid sulfur through the use of a pulsed pha
sensitive acoustic technique.6

Sulfur melts at about 120 °C forming a light yellow liq
uid, consisting primarily of eight-membered-ring molecul
~monomers!.3 Near 159 °C sulfur undergoes a polymerizati
transition at which many of its properties change sign
cantly. All the changes are completely reversible. The m
striking effect occurs in the shear viscosity, which increa
approximately 10 000 times over a temperature range
about 25 °C.7 According to recent data by Ruiz-Garc
et al.,8 the rise of viscosity can be significantly steeper. Oth
properties, such as heat capacity,9,10 density,11–13 optical
properties,14,15 and the structure factor16–19 also exhibit spe-
cific changes. In this region the liquid is a solution of line
chain polymeric molecules in a monomeric solvent. Acco
ing to estimates of Gee,20 the degree of polymerization,P, in
sulfur ~average number of monomeric units in a cha!
reaches its maximum value on the order of 105 at the transi-
tion temperature,Tp . Further increase of the temperatu
leads to an increase in the extent of polymerization,Fp ,
~mass fraction of polymers! and a simultaneous decrease
the degree of polymerization. The extent of polymerizat
saturates at a level of about 50% near 300 °C.4,21 This de-
scription of the structural changes in the sulfur molecu
represents the generally accepted model. Although other
narios are possible,17 all the theories of polymerization in
sulfur are based on this ‘‘standard’’ model. For this reas
0163-1829/2001/64~21!/214109~7!/$20.00 64 2141
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we will also use this model in our discussion of the expe
mental results.

Wheeleret al.22 and Anisimovet al.23 treat the equilib-
rium polymerization as a second order phase transition s
lar to magnetization in a weak external field. The order p
rameters in these theories are proportional, albeit in differ
ways, to the amount of polymeric component, which is
sumed to be zero atT<Tp , and greater than zero atT
.Tp . Such an interpretation appears to be consistent w
the observed temperature dependence of the heat cap
which abruptly rises nearTp , and then decreases less rapid
at T.Tp . This so-calledl-like feature is typical for second
order phase transitions. An earlier model of Tobolsky a
Eisenberg,24 that successfully describes a sharp increase
the degree of polymerization at the polymerization tempe
ture, is similar to the mean-field theory of magnetization22

However, discrepancies between experimental data and t
two models do not allow one to make a firm conclusi
regarding their adequacy.5,17

A recent model by Dudowicz, Freed, and Dougl
~DFD!2,25,26 treats the polymerization using a mean-fie
Flory–Huggins-type incompressible lattice model, in whi
each monomer and initiator~if applicable! molecules occupy
single lattice sites.~An initiator is a substance, which whe
added to the monomeric system, initiates the polymeriza
process.! In this model the polymerization is not a secon
order phase transition, but resembles a glass transitio27

However, in the limit of small values for the initiator con
stant~in sulfur this constant is on the order of 10212 at the
polymerization temperature22! or small concentrations of the
initiator, the polymerization may mimic a second order pha
transition. This model defines the temperature of the po
merization transition as the temperature of the maximum
the heat capacity, which coincides with the inflection point
the temperature dependence of the extent of polymerizat
However, in view of the incompressibility of the model,
does not apply to such properties as density and compr
ibility. Therefore, it does not apply to acoustic properti
either.

One of the most informative approaches to investigate
nature of phase transitions is to probe them with sound.28,29

Information on the acoustical properties of sulfur is mos
©2001 The American Physical Society09-1
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restricted to limited data on sound velocity in samples
different purity at frequencies from 1 to 15 MHz.30–34 Typi-
cal uncertainties in these data are about 1% while discre
cies between the different results are 2% to 3%. The disc
ancies in the sound velocity data near the polymeriza
temperature are even more significant~see Ref. 34 for a more
detailed comparison!. There is only one report~Pryor and
Richardson31! on the measurement of sound absorptio
These authors noted the difficulties caused by fluctua
echoes, which were attributed to the formation and colla
of gas bubbles in the liquid. This cavitation makes the re
ability of the data questionable.

In the most recent sound velocity measurements, Tim
et al.34 used a pulsed multi-echo technique at 2 MHz. T
sulfur sample was enclosed in a hermetically sealed qu
cell. The sample length was 30 mm,35 and the accuracy wa
estimated to be 0.11%. In this work a plateau, whose widt
about 2 °C, was found near the polymerization temperat
The authors corrected their results with respect to diffract
effects with the use of an approximate theoretical form
that is partially justified for isotropic solid samples. Th
magnitude of the corrections made was up to 0.7%. The
fraction effects in this work can be more significant beca
of the multilayered design of the cell and the small durat
of the sound pulses~0.1 ms!.

Anisimov et al.23 discussed the behavior of sound velo
ity in sulfur near the polymerization temperature within t
framework of scaling theory for second order phase tra
tions. This work predicts a sharp minimum~a dip of approxi-
mately 10%! in the thermodynamic sound velocity, which
calculated in the limit of zero frequency. Dynamic scali
theory requires an increase in sound absorption over a b
frequency range around a ‘‘characteristic’’ relaxation fr
quency, which is determined by the proximity to the pha
transition point.36 Scaling theory also predicts dispersion
both the sound velocity and attenuation near the phase
sition over the same frequency range. On the other ha
classical hydrodynamic theory suggests a direct proport
ality between sound absorption,a, and shear viscosity whe
al«1, wherel is the wavelength, and stronger dispersion
large sound absorption (al>1).37

Therefore near the polymerization transition in sulfur o
expects~a! a minimum in the sound velocity,~b! significant
enhancement of sound attenuation, and~c! dispersion in the
acoustical properties. The main goal of this study is to ch
these expectations using a precise acoustic technique.

EXPERIMENT

The principal advantage of the pulsed phase-sens
technique is that it allows one to perform precise measu
ments of the variation of the sound propagation time~with an
uncertainty oft/1000, wheret is the period of the sound
oscillation! with respect to a reference point. Accurate ab
lute measurements are also possible but require calibra
Therefore, precise data on sound velocity can be obta
even if the sample length is<1 mm. This circumstance is
especially important for studies of samples with strong
tenuation, in particular near phase transitions, where o
21410
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techniques, such as the multi-echo technique, may no
applicable. This technique also allows simultaneous m
surements of variations in sound absorption. The techniqu
described in detail in Ref. 6.

The cell used in this work is shown schematically in F
1. The cell consists of two buffer rods~fused quartz, 12 mm
in diameter and 110 mm in length! inserted in a cylindrical
cell body ~quartz tube, outer diameter 14 mm, 1 mm w
thickness, and 200 mm length!. The sample space is a 3-mm
slot between the rods. The slot width was measured usin
dial Mitutoyo indicator as the difference in the total length
the cell with and without the slot between the rods. T
uncertainty of the measurement of the slot width is61 mm.
The rods are hermetically sealed in the tube by a glaze~Vitta
PK-1015!. Single crystal lithium niobate piezoelectric tran
ducers are attached to the metallized ends of the rods u
unpolymerized epoxy resin. The measurements were m
with longitudinal sound waves.

Sulfur of purity 0.999 999~Comico Ltd., Canada! was
sublimated into the cell through a reservoir connected t
quartz degasing chamber similar to that used by Zheng
Greer.13 After filling, the cell was disconnected from th
chamber and sealed by a torch. According to the literat
~see, for example, Refs. 3,13,34!, sulfur hermetically sealed
in an evacuated quartz cell is well preserved against conta
nation both from reaction with the atmosphere and with
cell walls. Results of our measurements support this st
ment since there are no changes that can be attribute
contamination of the sample.

The cell was held in an oil bath as shown in Fig. 1.
thermostat~Techne Tempunit TU-16A! controlled the tem-
perature of the oil. The sample temperature was measure
a standard Omega copper-constantan thermocouple atta
to the cell body near the sample space. The cold ends o
thermocouple were kept at 0 °C. Uncertainty of the tempe
ture measurements was 0.2 °C.

Experiments were performed at 5, 7, and 22 MHz. T
value of the sound velocity at 121 °C from Ref. 33 was us
as the reference point. Results of the measurements of s
velocity and the data on variation of sound attenuation
shown in Figs. 2 and 3, respectively. Numeral data on so
velocity are given in the Appendix. The percentage unc
tainty of the sound velocity data, as estimated from Eq.~6! of
Ref. 6, was 0.1%. The main contribution is determined

FIG. 1. Schematic of the quartz cell and the oil bath. 1, pie
electric transducer; 2, glaze seal; 3, glass tube; 4, quartz buffer
~diameter 123110 mm!; 5, liquid sulfur; 6, flange; 7, silicone oil; 8
reservoir; 9, quartz cell body.
9-2
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POWER LAW IN PROPERTIES OF SULFUR NEAR THE . . . PHYSICAL REVIEW B 64 214109
the uncertainty of the reference data. The other contributio
which depend on the errors in measurements of the time
the sample length, are smaller by two orders of magnitu
Precision of the data obtained was primarily determined
the temperature instabilities and was close to 0.05%~at the
68% confidence limit!. Error bars in Fig. 3 show uncertain
ties in the data for sound attenuation.38

All the measurements were made under steady state
ditions. No appreciable differences were observed in
sound velocity on either heating or cooling the sample.
frequency dependence was observed either.

At temperatures up to 150 °C, the data on sound velo
agree well with those of Timrotet al.34 Starting at about
170 °C our data lie systematically higher by about 2 m
~0.15%!. The major discrepancy is near the polymerizati
temperature where our data exhibit a gradual decreas
slope but do not show a plateau. These discrepancies
probably due to the aforementioned corrections for the
fraction effects in Ref. 34.

DISCUSSION

Sound velocity

The sound velocity in melted, monomeric sulfur~at tem-
peratures up to about 150 °C! depends linearly on the tem
perature. Such behavior is typical for simple liquids at te

FIG. 2. Sound velocity in liquid sulfur.

FIG. 3. Variation of sound absorption in liquid sulfur.
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peratures far from the liquid–gas critical point. Therefore t
observed departure from linearity can be associated with
appearance of a polymeric component. If so, the data ca
used to extract information about this component. The ‘‘e
cess’’ sound velocity shown in Fig. 4 is the differenceDc
5c2cm, wherec is the experimental sound velocity, andcm
is the sound velocity in monomeric sulfur. The sound velo
ity cm was calculated by linear extrapolation of the tempe
ture dependence obtained between 120 and 150 °C. The
dard deviation of the fit is 0.7 m/s; the standard deviation
the slope is 0.01 m• ~s • K!21. The maximum temperature o
the extrapolation is 200 °C, which is still far below the crit
cal temperature of 1040 °C.39 The points obtained in the su
percooled~and supposedly monomeric! sulfur were not in-
cluded in the linear fit because these data exhibit a small,
distinct, change in the slope as seen in Fig. 2. This fea
will be explored in future experiments; here we merely no
that a change in slope is a common feature of many pro
ties near the glass transition~see Ref. 40, for example!.

Because there is no dispersion in the sound velocity o
the frequency range studied, one may tentatively assume
the data obtained represent the equilibrium values. Such
assumption is valid for simple liquids but might be questio
able for partially polymerized sulfur and must be tested
further experiments at lower frequencies. Although one c
not exclude the possibility that the low-frequency sound
locity exhibits a minimum as predicted in Ref. 23, for no
this assumption allows us to extract data on the exten
polymerization.

In Fig. 5 the data on the excess sound velocityDc are
plotted versusDT5T2T* on a double logarithmic scale
The parameterT* is chosen to achieve maximum linearit
The value ofT* is 15560.3 °C. The power law exponen
k[ log(c2cm)/log(T2T* )50.7760.03.

To estimate the composition we assume that the tw
component solution is homogeneous over the wavelengl
~which is about 50mm at 22 MHz!. That is,l is significantly
greater than a typical cluster size,R. Such an assumption i
plausible because the polymers in solution roll up in loo
coils with R;Nr , whereN is the number of monomers in th
polymer chain, andr<0.6.41 Therefore, the maximum size

FIG. 4. Excess sound velocity in liquid sulfur with respect to t
monomeric liquid.
9-3
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of the sulfur polymer coils is on the order of 102 nm. We also
assume that the difference in sound velocities in the mo
meric and polymeric components is not large. Under th
assumptions one may treat the partially polymerized su
as a homogeneous medium, in which the elastic prope
are averaged over the volume. Thus for the adiabatic b
modulus,B, we obtain

B5~1/V!E Bloc dV5wpBp1wmBm , ~1!

whereV is the volume of the system,Bloc is a local value of
the bulk modulus, andBp , Bm , wp , and wm are the bulk
moduli and the volume fractions of polymers and monome
respectively.

Sincec25vB, wherev5V/M is the specific volume, the
sound velocity can be expressed as

c25Fmcm
2 1Fpcp

2, ~2!

wherecp and cm are sound velocities in the pure polym
and pure monomer melts, respectively,Fp5M p /M is the
extent of the polymerization,M is the total mass of the sul
fur, M p is the mass of its polymeric component, andFm
512Fp is the mass fraction of the remaining monomers

With these definitions, the polymer fraction can be writt
as

Fp5@~Dc/cm11!221#/@~cp /cm!221#. ~3!

The only unknown quantity in Eq.~3! for Fp is the ratio
cp /cm . With the assumption that the sound velocities in t
monomeric and the polymeric melts do not strongly differ
a given temperature, we take this ratio as a constant and
it as an adjustable parameter. This ratio, calculated from
theoretical results of Tobolsky and Eisenberg at 177 °C24

equals 1.12. The same ratio calculated from the experime
data of Koh and Klement21 is 1.08. Results forFp and their
comparison with data from the literature are shown in Fig
The agreement between our data and those from the lit
ture as seen in Fig. 6 leads support to the validity of Eq.~3!
and to the assumptions made in its derivation.

FIG. 5. Log–log plot of excess sound velocity.T* 5155 °C.
See text for details.
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A curve for Fp obtained in the theory of Wheeleret al.22

falls between the two data sets shown in Fig. 6. These th
retical data can also be fitted with results following from E
~3! if cp /cm51.10, but only at temperatures greater th
170 °C. In the theory of second order phase transitions22 the
temperature dependence ofFp goes to zero with infinite
slope atTp(159 °C). The dependence ofFp on T obtained
from our data shows an inflection at this temperature. On
other hand, the existence of an inflection point in the ext
of polymerization atTp is consistent with the DFD model.2

For now the data on sound velocity obtained for t
polymer-monomer mixture are not sufficient to extract t
absolute composition of the mixture.42 On the other hand, the
existence of a fitting constant in Eq.~3! does not make any
difference in behavior logFp , which should mirror the be-
havior of logDc provided thatDc/cm!1.

In Fig. 7 the data for the mass fraction of polymers a
shown as a function of (T2T* ) on a double logarithmic
scale, whereT* 5155 °C. As expected, the exponent for th
mass fraction of polymers is the same as for the excess so
velocity, namely 0.7760.03.

The power law behavior in the extent of polymerizatio
and excess sound velocity differs from the behavior of pr
erties near second order phase transitions.43 In particular, the

FIG. 6. Mass fraction of polymers in sulfur. See text for deta

FIG. 7. Mass fraction of polymers on a log-log scale.T*
5155 °C. See text for details.
9-4
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POWER LAW IN PROPERTIES OF SULFUR NEAR THE . . . PHYSICAL REVIEW B 64 214109
reduced temperature parameterT* ~see Figs. 5 and 7! is
appreciably less than the transition temperatureTp . A similar
situation occurs near the glass transition,44 where the viscos-
ity and the relaxation time are functions of the reduced te
perature (T2T0), whereT0 is a positive parameter whic
value is less than the glass transition temperature,Tg .45

Sound absorption

Classic hydrodynamics provides the following express
for the sound absorption coefficient,a, in a viscous com-
pressible and thermoconducting liquid whenal«1:37

a5@~4h/31z!1k~Cv
212Cp

21!#v2/2rc3, ~4!

whereh andz are coefficients for the shear and bulk visco
ties, respectively,k is the coefficient of thermal conductivity
Cv and Cp are heat capacities,v52p f is the angular fre-
quency, andr is the mass density. Ifv is far from the relax-
ation frequency,v r , the viscosity coefficients do not depen
on frequency. Close tov r the bulk viscosityz becomes fre-
quency dependent and experiences an enhancement
simple liquidsv r ordinarily lies in the GHz range. Near
second order phase transition or a critical point the sin
relaxation frequency degenerates into a broadband cen
around the aforementioned characteristic frequency, wh
decreases approximately proportionally to the square of
reduced temperature,t5(T2Tc)/Tc , whereTc is the transi-
tion temperature. Thermal conductivity also increases n
Tc . Near the liquid–gas critical point the absorption reach
values close to 0.4/l; near the critical point of liquid mix-
tures the absorption is smaller by an order of magnitude36

In liquid sulfur at temperatures below the polymerizati
transition the conditional!1 is well fulfilled, and therefore
both sound absorption and dispersion should behave s
larly to their behavior in simple liquids. In the highly viscou
state, viscous forces become comparable with forces con
uted by the pressure in the sound wave. Under these co
tions coefficients of shear and bulk viscosity become f
quency dependent, which should lead to a signific
increase in the dispersion of the acoustical propertie36

Therefore, the transition from low to high viscosities~inde-
pendent of whether there is a thermodynamic phase tra
tion or not! should be accompanied by a proportional
crease in sound absorption, which should strongly depen
frequency in the viscous region~viscoelastic effect41,46!. Dis-
persion in the sound velocity should also increase in
region.

However, these expectations are not realized over the
quency range studied. From the data on sound absorp
~Fig. 3! we estimate an upper bound for any possible chan
in a of at most an order of magnitude at 5 MHz, and sign
cantly less at 22 MHz. From Eq.~4! we estimate that the
value of a/ f 2 in liquid sulfur at 120 °C is on the order o
10214s2/m. Similar results, namely a weak variation
sound absorption in sulfur, are reported in Ref. 31.

This behavior for the sound absorption might be a ma
festation of the viscoelasticity of the polymeric solution. Vi
coelastic systems behave like viscous liquids or like ela
solids depending on the time scale of the process comp
21410
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to the relaxation time of the system. Polymer solutions ha
a complicated relaxation spectrum, depending on the st
ture of the polymeric molecules and the extent
polymerization.46 Ultimately, it will be interesting to investi-
gate this spectrum using methods of physical acoustics,
for now we just mention that the shear viscosity of polym
ized sulfur should be dependent on the time scale of
measurements. If so, the difference in data on viscosity
tained by different groups~see Ref. 8! may be attributed not
only to differences in purity, but also to differences in th
timescales of the methods employed. Therefore, apart f
acoustic measurements at lower frequencies, it is interes
to measure viscosity on different timescales, as for exam
with a viscometer similar to a Greenspan viscometer
gases.47

CONCLUSIONS

We have presented results on the polymerization tra
tion in liquid sulfur. With the use of a pulsed phase-sensit
technique, sound velocity and absorption have been m
sured at frequencies from 5 to 22 MHz.

The excess sound velocity,Dc, compared to that in pure
monomeric sulfur was calculated, and a power law expon
for this quantity was determined. The excess sound velo
mirrors the mass fraction of the polymeric component,Fp .
The exponents for bothDc andFp are 0.7760.03. In con-
trast to second order phase transitions, but similar to
glass transition, the reduced temperatureT* in the power law
expression differs from the transition temperature. Also
contrast to the expectations based on the theory of sec
order phase transitions, the extent of polymerization does
vanish at the transition temperature,Tp5159 °C, but exhib-
its an inflection point, as predicted by the DFD model. N
minimum in sound velocity is observed, as would be e
pected from the second order phase transition theory. T
the current results do not support the interpretation of
polymerization transition as a second order phase transit
but they do support, at least partially, the DFD model.2,24,25

The slope of the temperature dependence of the sound ve
ity in monomeric liquid sulfur changes at the transition to t
super cooled state~near 120 °C!. In contrast to the sound
velocity, no appreciable features are found in the variation
sound absorption as a function of temperature. This beha
of the sound absorption may be due to the viscoelasticity
the polymeric solution. For more firm conclusions it is des
able to perform acoustic measurements at lower frequen
with both longitudinal and transverse sound waves and w
better temperature control.

The basic assumption made in this paper is the validity
the standard model for the molecular changes in liquid s
fur. Although we can not exclude the possibility that furth
experiments will invalidate this model,5 the present results
appear to be consistent.
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APPENDIX: SOUND VELOCITY IN SULFUR. EXPERIMENTAL POINTS „T, °C; c, mÕs….

5 MHz, heating 7 MHz~cont.! 7 MHz, cooling 22 MHz, heating 22 MHz, cooling

121.5 1355.0 138.8 1325.0 178.8 1276.0 120.6 1359.0 180.2 127
130.2 1342.0 142.7 1317.0 168.8 1286.0 124.9 1350.0 170.2 128
139.0 1326.0 144.0 1315.0 162.6 1292.0 129.7 1341.0 159.6 129
146.8 1310.0 146.0 1312.0 158.7 1295.0 135.1 1331.0 154.0 129
149.9 1305.0 148.1 1308.0 154.0 1299.0 140.0 1322.0 149.7 130
151.9 1302.0 150.2 1305.0 153.8 1299.0 143.9 1315.0 140.2 132
154.8 1298.0 151.7 1302.0 149.6 1306.0 149.3 1306.0 130.7 134
158.0 1295.0 153.5 1299.0 149.1 1307.0 152.5 1301.0 121.8 135
160.1 1294.0 155.5 1296.0 144.0 1315.0 155.8 1296.0 107.8 138
164.9 1290.0 157.4 1295.0 135.2 1332.0 159.0 1294.0 98.8 140
167.7 1287.0 159.7 1294.0 134.9 1331.0 161.3 1293.0 94.1 141
172.6 1283.0 161.9 1292.0 125.5 1349.0 163.5 1291.0 89.1 142
179.6 1276.0 164.1 1290.0 125.3 1350.0 165.4 1289.0 84.9 143
192.0 1262.0 165.8 1289.0 120.1 1359.0 169.1 1286.0 79.4 144

168.3 1287.0 116.5 1367.0 172.7 1283.0
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