PHYS 7110 Final/Comprehensive Exam Mon. Dec 11, 2023

This exam is being graded with student identity anonymized. Please put your name and
Unid on this page ONLY!!!

Name

Unid

This exam has a strict time limit of two (2) hours. It will start at
1:00pm and finish at 3:00pm. There are three (3) problems.

Instructor’s suggestions:

e Read every problem before you attempt to solve it.

e Do not spend more than 40 minutes on a problem until you
have finished all the other problems.

e Ifyou get stuck, move on to the next problem and come
back to this one later.

e Integral Tables, Vector derivatives, Math Identities,
Spherical Harmonics, Legendre polynomials and other
special functions can be found in the “math” folder in
CANVAS for this class.

e You can always use a symbolic math package, such as
Maple, to evaluate integrals and do matrix multiplication.
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Problem 1 [20 pts] S WS
y Yiv=_pc
In this problem, we will show that the 4-gradient of an invariant '_’
function f(x,y, z, t), '
1 i
|~or /0| 0 0 xx
P >
Fo=ouf = 0= 550 | L
af /9y z z
dof /0z

is a covariant 4-vector. Follow the steps below. We take the usual situation where the moving frame S’
moves in the +x direction relative to the lab frame S at velocity v = Sc. The axes of the two systems are
parallel as shown, and the origins O and O’ coincide at t = t’ = 0.

(a) [4 pts] We can treat the S frame space time coordinates t, x, y, z as functions of those in the S’ frame
—ie. t=t(t\x,y,7), x=xt,x,y,2"),y=y{t, X"y, 2), z=z(t' %"y, z"). Write down these
four functions, you may include ¢, 8, and y = 1/4/1 — B?. (These constitute the inverse Lorentz
transformation).

(b) [6 pts] Now find all 4 components of F';, = d,'f = df /0X'*—i.e. 0f/dt', df /0x', 0f /dy', and
df /0z' by chain rule -- for example

of of ot +6f8x +6f6y+6faz

9z 9todz  0xdz  dydz  0zoz
You must compute each dX*/dXVexplicitly. Your answers should contain df /dt, df /dx, df /dy, and
of /0z.

Assuming F, is a covariant 4-vector, we can also just apply Lorentz transformation F'#* = L*  FY
(Einstein summation implied over repeated Greek indices). However, this is the transformation equation
for a contravariant 4-vector

(c) [4 pts] You must first convert F,from its covariant form to its contravaraint form F*. This operation
involves something like a multiplication of a 4x4 matrix (2" order tensor) on the left of a column 4-
vector. Write out your answer in the form

F¢ =

NN N N

(d) [6 pts] Now apply the forward (from S to S’ coordinates) Lorentz transformation to obtain F'®. From
these result, and NOT those from parts (a) and (b), find df /dt’, df /dx', df /dy', and 0f /0z'. Again
your answers should contain df /dt, df /0x, df /0y, and 0f /0z. Are these the same as what you got for
part (b)?
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Problem 2 [20 pts]

A square loop carries a current I, that circulates in
the counter-clockwise sense as seen from above as
shown. The loop is centered on the origin and sits Za -

in the xy-plane. It has sides of length 2b. 111 Cs _ 4l

An infinite wire lies parallel to the z-axis. It is dly 1,
offset in the negative y direction from the origin by A c, ¥
a distance R (i.e. itsitsatx = 0,y = —R, R > b).

This wire carries a current /; in the +z direction. —b x £C g ;1 +b
Treating the loop as a point magnetic dipole, find P
the force and torque exerted by the wire on the loop, R>Db

. —0Q0
following the steps below.

We break up the loop into four segments, C;, C,, C3, and Cy.

a) [3 pts] Write down the line element dl; and its location 7, on segment C , in Cartesian coordinates, x,
p 1 1 g 1
v, z, their differentials dx, dy, dz, and in Cartesian components — i.e. as a linear combination of X, ¥, 2.

(b) [3 pts] Integrate the appropriate combination of dfl and 7; over C; to find m,, the contribution of C;
to the total magnetic (dipole) moment 7.

(¢) [2 pts] Use the symmetry of the system to find 71 from ;.

(d) [4 pts] Write down the magnetic field B (7) generated by current I; in Cartesian coordinates, x, y, z,
and in Cartesian components — i.e. as a linear combination of X, ¥, Z. Remember the infinite wire lies
parallel to the z-axis and is located at x = 0, y = —R, where R > b.

(e) [4 pts] From the results of (c) and (d) find the torque N exerted by the magnetic field generated by the
infinite wire on the current loop, in the dipole approximation, in Cartesian components — i.¢. as a linear
combination of X, ¥, Z.

(f) [4 pts] From the results of (c) and (d) find the force F exerted by the magnetic field generated by the
infinite wire on the current loop, in the dipole approximation, in Cartesian components — i.¢. as a linear
combination of X, ¥, Z.
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Problem 3 [20 pts]

A solid conducting sphere has radius a, and is centered on the origin. It is
divided into four quadrants about the x-axis as shown, such that each piece
is held at an alternating potential of ¢ = +Vj:

+V, regionA z>0 y>0
-V, regionB z>0 y<0
-V, regionC z<0 y>0
+V, regionD z<0 y<O0

v(a,0,¢) =

The sphere sits in a space that is empty for r > a. We will be
investigating the electrostatic potential ¢ (r, 8, ¢) in this (outside) region
in spherical coordinates.

(a) [4 pts] Find the limits in 8 and ¢ for the four regions 4, B, C, and D, in the form, for example, a
hypothetical region F:

regionF: T/, <6< 3”/4, and "/ <p <7/,

(b) [2 pts.] Write down the most general solution ¢(r, 6, ¢) to the Laplace Equation, when solved by
separation of variables in spherical coordinates 7, 8, ¢, with spherical boundary conditions. This should
be an infinite series summing over two indices, [ and m. As we have done in class, use the coefficients A;
for the non-negative (zero or positive) powers of r, and B; for the negative powers of .

(c) [4 pts] Apply the implicit boundary condition that the potential ¢ — 0 as r — oo, This should
eliminate half of the coefficients (i.e. they are all zero for all values of [ and m.). Indicate which
coefficients vanish from this boundary condition and write the new, now restricted general solution for
r>a.

(d) [10 pts] Now apply the stated boundary condition at r = a. Solve for the coefficients for [ = 2 and all
allowed values of m.

Spherical Harmonics:

1

=10 Yoo = — :
" N4 Remember for negative m, use
-'T VE. m(& (‘b) = (_l)myf.—n(ﬁl- {\b}
Y= — ,nh— sin e’
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